
Chapter 8
Asymptotic Expansion and
Perturbation Theory

There are no solved problems; there are only problems that are more or less
solved.

— Henri Poincaré

A
LTHOUGHasymptotic series usually endupwith anon-convergent behav-
ior, the expansion is useful when truncated to a finite number of terms.
The approximation may provide benefits by being more mathematically

tractable or by beingmore computationally friendly than the expanded function.
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8.1 Order Notations
The O (big O) and o (little O) order notations (introduced by Landau) are often
used for comparison of function limits.

1. Asymptotically bounded.

f(z) = O(g(z)), z → z0,

means that there exists a constant C(δ) > 0 that∣∣∣∣f(z)g(z)

∣∣∣∣ ≤ C, |z − z0| < δ.

2. Asymptotically negligible.

f(z) = o(g(z)), z → z0,

means that for every ε > 0, there is δ = δ(ε) > 0 that∣∣∣∣f(z)g(z)

∣∣∣∣ ≤ ε, |z − z0| < δ.

3. Asymptotically equal.
f(z) ∼ g(z), z → z0,

means that |f(z)/g(z)| → 1 as z → z0.
Example 8.1.1.

1. sin(x−10) = O(1) as x→ 0, but not the other way.
2. x = o(lnx) as x→ 0+.
3. x ∼ tan(x) as x→ 0+.
4. e−1/

√
x = o(xn) as x→ 0+ for any n ∈ N.

However, the Big-O and little-O notations are not quantitative without estimates
for the constants C(δ) or δ(ε).

8.2 Asymptotic Expansion
In a nutshell, the asymptotic expansion describing a limiting procedure for some
function f(z) with respect to a certain parameter |z − z0| � 1, which results in
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a series form: ∑∞
k=1 φk(z), such that the successive terms are much smaller than

the previous ones when the parameter z → z0, intuitively, a truncation of the
series will provide a reasonable approximation for f (although the series might
diverge).

Definition 8.2.1. A sequence of functions φk : C \ {z0} → C is an asymptotic
sequence as z → z0 if for each k ∈ N,

φk+1(z) = o(φk(z)), z → z0.

These functions are called gauge functions.

Definition8.2.2. If{φk} is an asymptotic sequence and f : C\{z0} → b satisfies
that

f(z)−
N∑
k=0

akφk(z) = o(φN (z)) z → z0.

Then we write f(z) ∼∑∞
k=0 akφk(z) and call the series as the asymptotic expan-

sion for f . The coefficients can be determined by

an = lim
z→z0

f(z)− fn−1(z)

φn(z)
, f−1 ≡ 0.

Example 8.2.3. The sequence logx, x logx, x, x2 log2 x, x2 logx, x2, ... is an asymp-
totic sequence when x→ 0+.

Example 8.2.4. The asymptotic expansion of e−1/z with sequenceφk = zk , as z → 0+,
then all coefficients an = 0. Because the function e−1/z = o(zn) for every n ∈ N, it is
called transcendentally small.

Moreover, adding a transcendentally small functionwill not change the asymp-
totic expansion. For instance,

1

1− z
∼ 1 + z + z2 + · · · , z → 0+.

and
e−1/z sin e1/z + 1

1− x
∼ 1 + z + z2 + · · · , z → 0+.

However, the relation∼ cannot be carried to term-wise differentiation; that is, a
transcendentally small function may have a nonzero asymptotic expansion. For
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example, the above function’s derivative has an asymptotic expansion

cos e1/z
z2

+ 1 + 2z + 3z2 + · · ·

Example 8.2.5 (Asymptotic power series). The monomial φk(z) = zk is the most
common sequence for asymptotic analysis around the origin. If f ∈ C∞(R) (in C, this
means holomorphic) in a neighborhood of the origin, then the Taylor series∣∣∣∣∣f(z)−

N∑
k=0

f (k)(z0)

k!
(z − z0)

k

∣∣∣∣∣ ≤ CN+1|z − z0|N+1, |z − z0| ≤ ε.

where
CN+1 = sup

|z−z0|≤ε

|f (N+1)(z)|
(N + 1)!

.

Therefore, the asymptotic power series of f is

f ∼
∞∑
k=0

f (k)(z0)

k!
(z − z0)

k, z → z0.

The asymptotic power series may not converge to f or even diverge in the neighborhood
of z0. The bump function

ψ(x) =

{
exp(− 1

1−x2 ), x ∈ (−1, 1)

0, |x| ≥ 1

belongs toC∞. But its asymptotic series is identically zero as x→ ±1.

The following theorem shows that the asymptotic power series does not need
any growth rate for the coefficients.

Theorem 8.2.6 (Borel-Ritt Theorem). Given any sequence {an} of real (or com-
plex) coefficients, there exists aC∞ function f such that

f(z) ∼
∞∑
n=0

an(z − z0)
n, z → z0.

Proof Sketch. The key idea is to make each summand an(z − z0)
n with shrinking

support so that the summation will not blow up and the behavior near z0 is still
reserved.

Choose the bump-shape function ψ ∈ C∞ that ψ(x) = 1 if |x| < 1 and ψ = 0
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if |x| > 2. Then take appropriate parameters rn → 0 that

|an|‖(z − z0)
nψ(

z − z0
rn

)‖Cn ≤ 1

2n
.

Then f =
∑
an(z − z0)

nψ( z−z0rn
) converges pointwise. For any fixed z near z0,

only a finite number of terms are involved, and the series converges in Cn norm
for every n ∈ N.

We use the following example to demonstrate the key difference between a
convergent series and an asymptotic series.
Example 8.2.7. Let E1(x) be the exponential integral

E1(x) =
∫ ∞

x

e−t

t
dt.

And we consider the asymptotic expansion for x� 1. Using integration by parts,

E1(x) =
[
−e−t

t

] ∣∣∣∣∣
∞

x

−
∫ ∞

x

e−t

t2
dt

=
e−x

x
+

[
e−t

t2

] ∣∣∣∣∣
∞

x

+ 2

∫ ∞

x

e−t

t3
dt

=
e−x

x
+
e−x

x2
+ 2

∫ ∞

x

e−t

t3
dt

= · · ·

= e−x
N∑
k=1

(−1)k−1 (k − 1)!

xk︸ ︷︷ ︸
=SN (x)

+(−1)NN !

∫ ∞

x

e−t

tN+1
dt.

• For any fixed x, the series SN (x) will diverge asN → ∞; the radius of convergence is
zero.

• For any fixedN and let x→ ∞, we can estimate the remainder∣∣∣∣(−1)NN !

∫ ∞

x

e−t

tN+1
dt

∣∣∣∣ ≤ N !

xN+1
e−x,

which converges to zero as x → ∞ (asymptotically negligible compared with e−x/xN ).
The resulting series is asymptotic in the sense that

E1(x) = SN (x) + o(e−x/xN ).

The key point is, for x sufficiently large,SN (x)will first decrease asN increases, then af-
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Figure 8.1: Plot of |SN − SN−1|.

ter a certainN∗,SN will start to increase (inmagnitude), see Figure 8.1. A rough estimate
ofN∗ is the largestN that makes remainder bounded by the last term in SN :

N !

xN+1
e−x ≤ (N − 1)!

xN
e−x,

that isN ≤ x.

Remark 8.2.8. Although the asymptotic series diverges for largeN , the estimate with
truncation at a smallN is already reasonably accurate. For instance, E1(10) ≈ 4.157×
10−6 and S4(10) ≈ 4.150× 10−6.

Example 8.2.9 (Incomplete Gamma Function). The incomplete Gamma function is
defined by

Γ(a, x) =

∫ x

0

e−tta−1dt.

For large x, Γ(a, x) = Γ(a)−
∫ ∞

x

e−tta−1dt. Using integration by parts, we obtain

Γ(a, x) =
N∑
k=1

Γ(a)

Γ(a− k + 1)
e−xxa−k +

Γ(a)

Γ(a−N)
Γ(a−N, x).

Following a similar argument to the previous example, the asymptotic series is (a /∈ Z).

Γ(a, x) ∼
∞∑
k=1

Γ(a)

Γ(a− k + 1)
e−xxa−k.



8.2. ASYMPTOTIC EXPANSION 165

8.2.1 Laplace’s Method

Laplace’s method is used to estimate integrals like

I(λ) =
∫ b

a

f(x)eλϕ(x)dx

where f(x) and φ(x) are real, continuous functions. Such an integral is called
Laplace Integral. Typically, λ is large and we are only interested in an approxima-
tion instead of an analytic formulation (if it exists).

• Whenφ ismonotone and f does not vanish at two endpoints, we can rewrite
the integral using integration by parts,

I(λ) = 1

λ

∫ b

a

f(x)

φ′(x)

d
dx
(
eλϕ(x)

)
dx

=

[
1

λ

f(x)

φ′(x)
eλϕ(x)

] ∣∣∣∣∣
b

a

− 1

λ

∫ b

a

d
dx
(
f(x)

φ′(x)

)
eλϕ(x)dx

=

[
1

λ

f(x)

φ′(x)
eλϕ(x)

] ∣∣∣∣∣
b

a

− 1

λ2

[
1

φ′(x)

d
dx
(
f(x)

φ′(x)

)
eλϕ(x)

] ∣∣∣∣∣
b

a

+
1

λ2

∫ b

a

d
dx
(

1

φ′(x)

d
dx
(
f(x)

φ′(x)

))
eλϕ(x)dx.

The first term dominates as λ→ ∞ (why?), which means

I(λ) ∼ 1

λ

[
f(b)

φ′(b)
eλϕ(b) − f(a)

φ′(a)
eλϕ(a)

]
, λ→ ∞.

Therefore, the boundary part contributes the most.
• Supposeφhas a (unique) globalmaximumatx = x∗ ∈ (a, b) and f(x∗) 6= 0,

we will see that the neighborhood around x∗ (not the boundary) contributes the
most to the integral. Decompose the integral into three regions,∫ b

a

f(x)eλϕ(x)dx =

(∫ x∗−ε

a

+

∫ x∗+ε

x∗−ε
+

∫ b

x∗+ε

)
f(x)eλϕ(x)dx,

where ε > 0 is any positive number. We first claim that∣∣∣∣∣
∫ x∗−ε

a

f(x)eλϕ(x)dx

∣∣∣∣∣+
∣∣∣∣∫ b

x∗+ε
f(x)eλϕ(x)dx

∣∣∣∣
will be bounded byO(eλ(ϕ(x

∗−δ)) for a certain δ > 0.
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On the neighborhood of x∗, we take the Taylor series

φ(x) = φ(x∗) +
1

2
φ′′(x∗)(x− x∗)2 +O(|x− x∗|3).

The integral (λ� ε−2)∫ x∗+ε

x∗−ε
f(x)eλϕ(x)dx = f(x′)

∫ ε

−ε
eλ(ϕ(x

∗)+ 1
2
ϕ′′(x∗)u2+O(|u|3))du

= f(x′)eλϕ(x
∗)

∫ ε

−ε
eλ(

1
2
ϕ′′(x∗)u2+O(|u|3))du

=
f(x′)eλϕ(x

∗)√
λ|φ′′(x∗)|

∫ √
λ|ϕ′′(x∗)|ε

−
√
λ|ϕ′′(x∗)|ε

e−
1
2
y2+O(λ−1/2|y|3)dy

≈ f(x′)eλϕ(x
∗)√

λ|φ′′(x∗)|

∫ ∞

−∞
e−

1
2
y2(1 +O(λ−1/2|y|3))dy

∼ f(x′)eλϕ(x
∗)√

λ|φ′′(x∗)|

∫ ∞

−∞
e−

1
2
y2dy

=

√
2πf(x′)eλϕ(x

∗)√
λ|φ′′(x∗)|

.

where x′ ∈ (x∗ − ε, x∗ + ε) from mean value theorem. Shrinking ε → 0+ (and
λ� ε−2), we obtain the asymptotic approximation∫ x∗+ε

x∗−ε
f(x)eλϕ(x) ∼

√
2πf(x∗)eλϕ(x

∗)√
λ|φ′′(x∗)|

, λ→ ∞.

The asymptotic approximation only depends on the local information atx∗. Thus,
if φ attains a global maximum at multiple isolated points (and f does not vanish
on them), the result will be the sum of local approximations.
Remark 8.2.10. If φ(k)(x∗) = 0 for k = 1, 2 · · · ,m, then local approximation still
applies

φ(x) = φ(x∗) +
φ(m+1)(x∗)

(m+ 1)!
(x− x∗)m+1 +O(|x− x∗|m+2).

The result will be replaced by

2Γ

(
m+ 2

m+ 1

)
f(x∗)eλϕ(x

∗)

(
(m+ 1)!

λ|φ(m+1)(x∗)|

)1/(m+1)

.

Remark 8.2.11. If f (2k)(x∗) = 0 for all 0 ≤ k ≤ n − 1, then locally we can replace
f(x) = f(2n)(x′)

(2n)! (x − x∗)2n, where x′ ∈ (x∗ − ε, x∗ + ε). The derivation will be quite
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similar.

Example 8.2.12 (Stirling’s formula). In Chapter 7, we have used Laplace’s method to
derive Γ(x) ∼ √

2πe−xxx−1/2 as x→ ∞. This can be continued to high orders

Γ(x) ∼
(
2π

x

)1/2

xxe−x
[
1 +

a1
x

+
a2
x2

+ · · ·
]

To determine the coefficients ai, we consider

Γ(z) = e−zzz
∫ ∞

0

e−zf(u)du, f(u) = u− lnu− 1.

The only global maximum of f(u) is zero at u = 1. We only focus on the integral around
u = 1.

• For u ∈ [1, 1 + ε], Let

t := f(u) ∼
∞∑
s=2

1

s
(−1)s(u− 1)s ≈ 1

2
(u− 1)2 − 1

3
(u− 1)3 + · · ·

and we solve u−1 in terms of t. Then use the following change of variable to calculate the
asymptotic expansion around u = 1.

∫ 1+ε

1

e−zf(u)du =

∫ f(1+ε)

0

e−zt
du

dt
dt =

∫ f(1+ε)

0

e−zt
1

f ′(f−1(t))
dt

We use Mathematica to perform the calculations.

>> u = InverseSeries[Series[t - Log[t] - 1, {t, 1, 6}]]

and it produces the inverse (truncated) series

u = 1 +
√
2
√
t+

2t

3
+
t3/2

9
√
2
− 2t2

135
+

t5/2

540
√
2
+O

(
t3
)

and f ′(u) = u−1
u , and use

>> Simplify[1/Simplify[1 - 1/u]]
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we obtain

(f ′(f−1(t)))−1 =
1√
2
√
t
+

2

3
+

√
t

6
√
2
− 4t

135
+

t3/2

216
√
2
+O

(
t2
)
.

• For u ∈ [1− ε, 1], we first find the correct series by a reflection of the variable,

s = g(v) := f(−v) = −v − ln(−v)− 1 =

∞∑
s=2

1

s
(1 + v)s

and ∫ 1

1−ε
e−zf(u)du =

∫ −1+ε

−1

e−zg(v)dv =

∫ g(−1+ε)

0

e−zs
dv

ds
ds

=

∫ g(−1+ε)

0

e−zs
1

g′(g−1(s))
ds.

>> v = InverseSeries[Series[-s - Log[-s] - 1, {s, -1, 10}]]

It produces

v = −1 +
√
2
√
s− 2s

3
+
s3/2

9
√
2
+

2s2

135
+

s5/2

540
√
2
+O

(
s3
)
.

Then follow the same steps, d
dvg(v) = −1− 1

v ,

>> Simplify[1/Simplify[-1 - 1/v]]

We obtain

(g′(g−1(s)))−1 =
1√
2
√
s
− 2

3
+

√
s

6
√
2
+

4s

135
+

s3/2

216
√
2
+O

(
s2
)
.

Therefore, using the following fact (see next theorem),∫ δ

0

e−zttn/µdt = z−n/µ
∫ zδ

0

e−uun/µdt
z≫1−−→ z−n/µΓ(n/µ+ 1),
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We find that

z−zezΓ(z) ∼ 2√
2
z1/2Γ

(
1

2

)
+

2

6
√
2
z−1/2Γ

(
3

2

)
+

2

216
√
2
z−3/2Γ

(
5

2

)
+ · · ·

=
√
2πz1/2 +

√
π

6
√
2
z−1/2 +

√
π

144
√
2
z−3/2 + · · ·

Thus,
Γ(z) ∼

√
2πzz+1/2e−z

[
1 +

1

12

1

z
+

1

288

1

z2
+ · · ·

]
.

In the above example, we have used the following result.

Theorem 8.2.13 (Watson’s Lemma). Suppose φ(t) is analytic in the sector 0 < |t| <
R, | arg t| ≤ δ < π, and suppose

φ(t) =
∞∑
k=1

akt
k/n−1, 0 < |t| < R.

and |φ(t)| ≤ Cebt forR ≤ z ≤ T , then∫ T

0

e−ztφ(t)dt ∼
∞∑
k=1

akΓ(k/n)

zk/n
,

as |z| → ∞ in the sector | arg z| ≤ δ < π/2 (right half-plane).

Proof Sketch. The integral∫ T

0

e−ztφ(t)dt =

∫ R

0

e−ztφ(t)dt+

∫ T

R

e−ztφ(t)dt,

and the tail∣∣∣∣∫ T

R

e−ztφ(t)dt

∣∣∣∣ ≤ ∫ T

R

e−ℜztCebtdt ≤ C

∫ T

R

e−(ℜz−b)tdt ≤ C ′e−(ℜz−b)R,

which is transcendentally small as |z| is sufficiently large. On 0 < t < R, because
φ is analytic, the expansion of φ converges absolutely (treat t1/n as a variable),
then use the remainder formula of the Taylor series,

φ(t) =
m−1∑
k=1

akt
k/n−1 +O(tm/n−1).

It only remains to see whether the remainder contributes much smaller, which is
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straightforward since∫ ∞

0

e−zttm/n−1dt = Γ(m/n)z−m/n = o(zk/n), k < m.

In general, the asymptotic expansion of high order can be derived (but te-
diously) in the same way as the previous example. We refer the interested read-
ers to Wong (2001). The following examples are direct applications of Watson’s
Lemma.

Example 8.2.14. Let
f(z) =

∫ ∞

0

e−t

t+ z
dt

Then we set t = |z|s (to apply Watson’s Lemma),

f(z) ∼ |z|
z

∫ ∞

0

e−|z|s

1 + |z|s
z

ds

=
|z|
z

∫ ∞

0

e−|z|s
∞∑
k=0

(−1)k
(
|z|s
z

)k
ds

=

∞∑
k=0

(−1)k
(
1

z

)k+1

Γ(k + 1).

Example 8.2.15 (Modified Bessel Function). The modified Bessel function of the sec-
ond kind of order zero

K0(x) =

∫ ∞

1

(s2 − 1)−1/2e−xsds

t=s−1
===== e−x

∫ ∞

0

e−xt(t2 + 2t)−1/2dt

= e−x
∫ ∞

0

e−xt(2t)−1/2(1 + t/2)−1/2dt

= e−x
∫ ∞

0

e−xt(2t)−1/2
∞∑
k=0

(−t/2)kΓ(k +
1/2)

k!Γ(1/2)
dt

= e−x
∞∑
k=0

(−1)k
Γ(k + 1/2)2

2k+1/2k!Γ(1/2)

1

xk+1/2
.
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8.2.2 Steepest Descent Method

The steepest descent method (do not confuse with the optimization method)
originated from Riemann, which is a classical approach for estimating contour
integrals like ∫

γ

f(z)eλh(z)dz, λ→ ∞,

where f and h are holomorphic functions on an open connected set that contains
γ. Let h(z) = ψ(z) + iφ(z); both are harmonic, thus there are no local maxima,
and the critical points are saddle points. The steepest descent method selects
a contour γ that passes through a critical point such that ψ(z) increases or de-
creases rapidly on γ. Because∇φ · ∇ψ = 0 (see Remark 0.4.9), if we choose γ so
that ψ follows a steepest descent path (orthogonal to all levelsets), then φ ≡ C

on γ.

Example 8.2.16 (Airy Function). The airy function

Ai(x) = 1

2π

∫ ∞

−∞
ei(zx+

z3/3)dz

z=x1/2t
======

x1/2

2π

∫ ∞

−∞
eix

3/2(t+t3/3)dt

Therefore, we only deal with

I(λ) =
∫ ∞

−∞
eiλ(t+

t3/3)dt

The function h(t) = i(t + t3/3) = ψ + iφ has critical points at t = ±i, and the
real/imaginary parts are

ψ(x, y) = −y(1 + x2 − 1

3
y2),

φ(x, y) = x(1 +
1

3
x2 − y2).

Through z = i or (0, 1), then φ(0, 1) = 0, which means the path γ is (see Figure 8.2)

y =

√
1 +

1

3
x2.

It is straightforward to show that

I(λ) =
∫
γ

eiλ(z+
z3/3)dz.
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Figure 8.2: Steepest descent path (blue).

Since the real part |eih(z)| = e−y(1+x
2− 1

3
y3) decays fast as x → ∞ between the two

curves.
On the path γ, we reparametrize for convenience z(t) = √

3 sinh(t) + i cosh(t),

I(λ) =
∫ ∞

−∞
f(t)eλq(t)dt,

where f(t) = √
3 cosh(t)+ i sinh(t) and q(t) = cosh(t)[2− 8/3 cosh2 t]. The rest will

follow Laplace’s method.
We calculate q(t) attains maximum at t = 0, q(0) = −2/3, q′′(0) = −6. Thus, the

asymptotic approximation is

I(λ) ∼

√
2π

−λq′′(0)
f(0)eλq(0) =

√
π

λ
e−2λ/3.

Thus, Ai(x) ∼ 1
2
√
πx1/4

e−2x3/2/3, as x→ ∞. When x→ −∞, we will cover this case in
the next part.

Example 8.2.17. Consider the integral

f(x) =
1

2πi

∫
C

ex(z−z
1/2)dz

z
.

whereC is a vertical line z = 1 + iy, y ∈ (−∞,∞).
We first find the saddle point for h(z) = z − zµ by solving 1 = 1

2z
−1/2, the saddle

point is z0 = 1
4 . At z0, h(z0) = 1

4 −
1
2 = −1

4 ∈ R, therefore, the contour is=h(z) = 0.
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Let z = ρeiθ , then

ρ sin(θ)− ρ1/2 sin(1
2
θ) = 0 → ρ =

(sin(12θ)
sin θ

)2

=
1

2(1 + cos θ)

The plot of the curve is a parabolax = 1
4−y

2. We parametrize the curve by the y variable
directly,

h(z) = (
1

4
− y2 + iy)−

√
1

4
− y2 + iy =

1

4
− y2 + iy − (

1

2
+ iy) = −1

4
− y2.

The integral becomes

f(x) =
1

π

∫ ∞

−∞
e−x(

1
4
+y2) 1

(12 + iy)
dy

=
1

π
e−x

∫ ∞

−∞
e−xy

2 1

(12 + iy)
dy

∼ 2

π
e−x

∫ ∞

−∞
e−xy

2
∞∑
k=0

(−1)k22ky2kdy

∼ 1

π
e−x

∫ ∞

0

e−xt
∞∑
k=0

(−1)k22ktk−1/2dt

∼ 2

π
e−x

∞∑
k=0

(−1)k22kΓ(k + 1/2)x−k−1/2.

Remark8.2.18. The typical steepest descentmethod canbe summarized as follows. Con-
sider

I(λ) =
∫
γ

f(z)eλh(z)dz

At the saddle point z0,

h(z) = h(z0) +
1

2
h′′(z0)(z − z0)

2 +O((z − z0)
3).

The steepest descent path then becomes (imaginary part cancels)

h(z) = h(z0)− τ 2, −∞ < τ <∞

which determines z = z(τ) and

I(λ) ∼ eλh(z0)
∫ ∞

−∞
f(z(τ))e−λτ

2 dz

dτ
dτ.
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The leading expansion of f(z(τ)) comes from

f(z(τ)) = f(z0) + f ′(z0)(z(τ)− z0) + · · ·

and z − z0 =
√

−2
h′′(z0)

τ +O(τ 2). Thus, we can find the leading term

I(λ) ∼ eλh(z0)f(z0)

√
−2π

h′′(z0)
.

Here h′′(z0) is a complex number,
√

−2
h′′(z0)

needs to select the suitable branch such that
the direction of the path is compatible with the integral.

8.2.3 Stationary Phase Theory

The stationary phase method deals with the special case that

I(λ) =
∫ b

a

f(t)eiλϕ(t)dt,

where f(t) andφ(t) are both real valued. Thus, we cannot exploit the exponential
decay like we did in Laplace’s method. However, the rough idea is the same.

• If φ is monotone, the integration by parts still produces an estimate

I(λ) ∼
[
f(t)

iλφ′(t)
eiλϕ(t)

] ∣∣∣∣b
a

− 1

iλ

∫ b

a

d
dt
(
f(t)

φ′(t)

)
eiλϕ(t)dt︸ ︷︷ ︸

=o(λ−1)

.

The second term’s integral→ 0 due to the Riemann-Lebesgue lemma. Thus, the
second term= o

(
1
λ

).
• If φ′(c) = 0 for a unique stationary point c ∈ (a, b), the integration by parts

fails. Following Laplace’s method, we can decompose the integral into

I(λ) =
(∫ c−ε

a

+

∫ c+ε

c−ε
+

∫ b

c+ε

)
f(t)eiλϕ(t)dt,

where ε = λ−δ for a tiny δ > 0. On the regions away from c, we canuse integration
by parts to obtainO(λ−(1−δ)) behavior. Near the stationary point c,

φ(t) = φ(c) +
1

2
φ′′(c)(t− c)2 +O(|t− c|3),
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and ∫ c+ε

c−ε
f(t)eiλ(ϕ(c)+

1
2
ϕ′′(c)(t−c)2+O(|t−c|3))dt

∼ f(c)eiλϕ(c)

√
2

λ|φ′′(c)|

∫ √
λ|ϕ′′(c)|

2
ε

−
√

λ|ϕ′′(c)|
2

ε

ei sgn(ϕ
′′(c))t2(1 +O(s3/λ1/2))ds

∼ f(c)eiλϕ(c)

√
2

λ|φ′′(c)|

∫ ∞

−∞
ei sgn(ϕ

′′(c))s2ds

= f(c)

√
2π

λ|φ′′(c)|
ei sgn(ϕ

′′(c))π/4, λ→ ∞.

If φ has vanished derivatives to a higher order at the stationary point, then the
leading term needs to deal with integrals like∫ ∞

−∞
eiz

n
dz,

which can be dealt with by the Residue theorem. To obtain more terms of the ex-
pansion, we still need to use the steepest descentmethod combinedwithWatson’s
lemma.

Example 8.2.19 (Airy Function). Consider the Airy function

Ai(−x) = 1

2π

∫ ∞

−∞
ei(z

3/3−zx)dz, x > 0.

Let z = x1/2t, then Ai(−x) = x1/2

2π f(x
3/2), where

f(λ) =

∫ ∞

−∞
eiλ(t

3/3−t)dt

Since h(t) = t3/3− t has two stationary points at z = ±1 and f ′′(±1) = ±2, we adopt
the previous derivation to find

f(λ) ∼
√
π

λ
e−i

2
3
λei

π
4 +

√
π

λ
ei

2
3
λe−i

π
4 = 2

√
π

λ
cos(2

3
λ− π

4
).

Therefore,
Ai(−x) ∼ 1√

πx1/4
cos
(
2

3
x3/2 − π

4

)
.

It implies that the airy function behaves differently for positive and negative arguments,
see Figure 8.3. The error is at orderO(x−

3/2−1/4) = x−
7/4, see Figure 8.4.
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−16 −14 −12 −10 −8 −6 −4 −2 0

−0.5

0

0.5

x

Ai(x)
Leading term x < 0

Figure 8.3: Airy function and its asymptotic approximation for x < 0.

−16 −14 −12 −10 −8 −6 −4 −2 0
−1

−0.5

0

0.5

1
·10−2

x

Error
0.0588|x|−7/4

Figure 8.4: Error of the asymptotic approximation is at orderO(|x|−7/4), the con-
stant is from 5/(48

√
π).
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Remark 8.2.20. We point out that the airy function Ai(z) is holomorphic on C. But it
has quite different behaviors for positive and negative arguments (sectors, to be precise).
This is commonly known as the Stokes phenomenon. This occurs because the function
consists of several parts, which dominate in their regions divided by the so-called Stokes
lines, see Olde Daalhuis et al. (1995).

Example 8.2.21 (Bessel Function). The Bessel function J0 is defined by

J0(x) =
2

π

∫ π/2

0

exp(ix cos θ)dθ = 2

π
<
∫ π/2

0

eix cos θdθ.

The function cos θ has a stationary point at θ = 0 (which is a boundary point), thus

J0(x) ∼
2

π
<
∫ π/2

0

eix(1−
θ2

2
)dθ

∼ 2

π
<eix

∫ π/2

0

e−ixθ
2/2dθ

∼ 1

2
· 2
π
<eix

√
2π

x
e−i

π
4 =

√
2

πx
cos(x− π/4).

Wemultiply the factor 1
2 since the integration only involves one side of the stationary point.

The plot of the asymptotic approximation is in Figure 8.5.

0 2 4 6 8 10 12 14 16
−2

−1

0

1

2

x

J0(x)

Leading term

Figure 8.5: Bessel function J0 and its asymptotic approximation.

8.3 Matched Asymptotic Expansion
In this section, we attempt to cover the basics ofmatchedasymptotic expansion.

We start with the following motivating quadratic equation (or general alge-
braic equations)

x2 + εx− 1 = 0,
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where 0 < ε� 1. The analytic solutions can be found explicitly.

>> Series[-x/2 + Sqrt[1 + x^2/4], {x, 0, 10}]

which produces

x∗ = −1

2
ε±

√
1 + ε2/4 =

{
+1− 1

2ε+
1
8ε

2 − 1
128ε

4 +O(ε6),

−1− 1
2ε−

1
8ε

2 + 1
128ε

4 +O(ε6).

The expansion provides a good approximation to the root(s) when 0 ≤ ε � 1;
sometimes the expansion can be more efficient than calling the square root sub-
routine (usually sqrt is regarded as a single flop, but should be around 4 - 6 flops).
However, an analytic solution is rarely found for complex problems; thus, we need
to find a systematic way to represent the solution.

The idea of expansion is to presume the solution has the ansatz:

x(ε) = x0 + εx1 + ε2x2 + · · ·

where the coefficients x0, x1, · · · are a priori unknown. Then we put the ansatz
into the equation.

(x0 + εx1 + ε2x2 + · · · )2 + ε(x0 + εx1 + ε2x2 + · · · )− 1 = 0.

And re-group the orders,

ε0 : x20 − 1 = 0 ⇒ x0 = ±1

ε1 : 2x0x1 + x0 = 0 ⇒ x1 = −1

2

ε2 : 2x0x2 + x21 + x1 = 0 ⇒ x2 = ±1

8

ε3 : 2x0x3 + 2x1x2 + x2 = 0 ⇒ x3 = 0

and so on. This expansion is a good approximation for small ε (since the series
converges for this problem). Another way to find the expansion is to use an iter-
ative method.

The equation is equivalent to x = ±
√
1− εx. It generates an iterative scheme

xn+1 = ±
√
1− εxn, x0 = 1.

Since the derivative
∣∣∣ ddx√1− εx

∣∣∣ = ∣∣∣ ε
2
√
1−εx

∣∣∣ ≈ ε
2 � 1 once ε � 1, the fixed

point iteration converges fast, that is, roughly each iteration it recovers a succes-
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sive order of ε. We can find that

x1 =
√
1− ε = 1− 1

2
ε− 1

8
ε2 − · · · ≈ 1− 1

2
ε

x2 =

√
1− ε(1− 1

2
ε) = 1− 1

2
(1− 1

2
ε)− 1

8
ε2(1− 1

2
ε)2 + · · · ≈ 1− 1

2
ε+

1

8
ε2

x3 =

√
1− ε(1− 1

2
ε+

1

8
ε2) = · · ·

However, sometimes the power series ansatz may not be effective.
Example 8.3.1. Consider the algebraic equation

x3 − x2 − (1 + ε)x+ 1 = 0.

When ε = 0, x∗ = 1 is a root. If we take the ansatz

x(ε) = 1 + εx1 + ε2x2 + · · · ,

then we will obtain
ε1 : 3x1 − 2x1 − x1 − 1 = 0.

Contradiction! The power series ansatz is not a suitable expansion. The reason is thatwhen
ε = 0, x∗ = 1 is a double root, it means the equation behaves quadratically at x = 1,
a linear perturbation of order ε will create O(ε2) in the equation. To recover the O(ε)

perturbation in the equation, we need to introduceO(ε
1/2) perturbation in x(ε):

x(ε) = 1 + ε
1/2x1/2 + εx1 + · · · .

Then x1/2 = ± 1√
2
(it means the double root will split in two opposite directions), and if

we take the positive case, it leads to x1 = 1
8 , and so on (the following code extracts all

coefficients).

>> t = Solve[x^3 - x^2 - (1 + eps)*x + 1 == 0, {x}][[1]];
>> f[eps_] := x /. t[[1]];
>> k = Series[f[eps], {eps, 0, 10}, Assumptions -> eps > 0];
>> For[i = 0, i < 10, i++, Print[Simplify[SeriesCoefficient[k, i/2]]]]

Similarly, the equation

(1− ε)x2 − 2x+ 1 = 0

should also consider the terms of size O(ε
1/2) in the ansatz. In general, if the
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equation is perturbed linearly in ε, the root needs to include terms likeO(ε1/n) if
the root has multiplicity of n.

In the previous cases, the behavior of the perturbed root is more or less con-
tinuous, that is, small ε leads to a small perturbation in the root. Let us consider
the equation

εx2 + x− 1 = 0,

which has one root at ε = 0; however, it has two distinct roots (not even close)
for every ε > 0. Such behavior is not continuous, and we call this perturbation
singular.

For this example, we can use its analytic form for some insight

x∗ =
1

2ε
(−1±

√
1 + 4ε) =

{
1− ε+ 2ε2 − 5ε3 + · · · ,
−ε−1 − 1 + ε− 2ε2 + 5ε3 + · · · .

Oneof the roots is stayingnear the original root (canbe foundby theusual ansatz),
the other one is approaching ∞ (singular). To determine the singular root, we
need to include the singular part

x(ε) = ε−1x−1 + x0 + εx1 + ε2x2 + · · · .

The standard and clean method is to apply rescaling x = X/δ, where δ is some
small scaling factor to be determined. Then

εX2/δ2 +X/δ − 1 = 0 ⇒ X2 + ε−1δX = ε−1δ2

Here we take δ = ε, which will make the problem back to a regular perturbation.

8.3.1 Regular Perturbation (ODE)
The previous idea can extend to differential equations, where functions replace
the coefficients.
Example 8.3.2. Consider the ODE model of a slow projectile based on Newton’s 2nd law.

d2y
dt2 = − gR2

(y +R)2
, y(0) = 0, y′(0) = v0.

whereR is the radius of the Earth and y � R is the height, v0 is the initial velocity, see
Figure 8.6.

This model can be reduced to the following simplified ODE by a rescaling

y′′ = − 1

(1 + εy)2
, y(0) = 0, y′(0) = 1.
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x (distance)

y (height)

y(0) = 0

Apex

y(τ) = 0

Figure 8.6: Illustration of the trajectory.

Assume the ansatz y(ε, t) = y0(t) + εαy1(t) + · · · , where α > 0 is undetermined for
now. Then

y′′0(t) + εαy′′1(t) + · · · = − 1

[1 + ε(y0(t) + εαy1(t) + · · · )]2
= −1 + 2εy0(t) + · · ·

The right-hand side hasO(ε) term, thus we need to counter that from the left-hand side
by setting α = 1. Therefore,

y′′0(t) = −1, y0(0) = 0, y′0(0) = 1.

That is, y0(t) = −t2/2 + t. Similarly, we can derive the equation for y1:

y′′1(t) = −2y0(t), y1(0) = 0, y′1(0) = 0.

It solves y1(t) = 1
3 t

3 − 1
12 t

4. Thus, we obtain a two-term asymptotic approximation

y(t) ∼ − t
2

2
+ t+ ε

(
1

3
t3 − 1

12
t4
)
.

This asymptotic form can be used to estimate the return time y(τ) = 0 by solving the
perturbed algebraic equation.

Example 8.3.3. Consider the spring system with a small friction proportional to the ve-
locity (in the opposite direction)

y′′ = −εy′ − y, y(0) = 0, y′(0) = 1.

We take y(ε, t) = y0(t) + εαy1(t) + · · · and

y′′0(t) + y = 0, y0(0) = 0, y′0(0) = 1.

It solves y0(t) = sin(t). The equation for y1 is derived as

εαy′′1(t) + · · · = −εy′0(t)− εy1 + · · ·
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which means α = 1 and y′′1(t) = −y1 − y0(t), y1(0) = 0, y′1(0) = 0. Thus,

y1(t) = − t

2
sin(t).

Therefore, the two-term asymptotic form is y(t) = sin(t) t2ε sin(t). We can verify with
the analytic solution using Mathematica.

yanalytic(t) =
2√

4− ε2
e−εt/2 sin

(√
4− ε2

2
t

)
.

>> f[s_, t_] := 2/Sqrt[4 - s^2] * Exp[-s * t/2] *Sin[Sqrt[4 - s^2] * t/2]
>> Series[f[s, t], {s, 0, 10}]

8.3.2 Singular Perturbation (ODE)
When a small perturbation is applied to the highest order of linear differential
equations, it will cause singular behavior due to an additional basis that concen-
trates near the boundary of the domain.
Example 8.3.4. Consider the boundary value problem

εy′′ + (1 + ε)y′ + y = 0, y(0) = 0, y(1) = 1.

The analytic solution is
y =

e−t − e−t/ε

e−1 − e−1/ε
.

Near the boundary t→ 0, we obtain that

y(t) ∼ 1− e−t/ε.

This function changes rapidly near t = 0 as ε → ∞; this phenomenon is called the
boundary layer. The core idea of matched asymptotic expansion is to decompose the so-
lution into the boundary layer solution and the outer solution, whichwillmatch each other
through an intermediate scale.

lOuter Solution

The outer solution ignores the boundary layer as if it does not exist. In the previ-
ous example (since we know where the boundary layer is), this means,
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εy′′out + (1 + ε)y′out + yout = 0, y(1) = 1.

Then we expand

yout(t) = yout,0 + εyout,1(t) + ε2yout,2(t) + · · · ,

which satisfies the relations:
ε0 : y′out,0 + yout,0 = 0, yout,0(1) = 1.

ε1 : y′′out,0 + y′out,0 + y′out,1 + yout,1 = 0, yout,1(1) = 0.

...
εn : y′′out,n−1 + y′out,n−1 + y′out,n + yout,n = 0, yout,n(1) = 0.

More precisely,

yout,0 = e1−t and yout,n = 0, n > 0.

In general, the outer solution will have some undetermined constants, but in the
above example, the outer solution is completely determined.

lBoundary Layer Solution

Now, we only have to deal with the solution in the boundary layer. It is also called
inner solution, meaning inside the boundary layer.

The standard approach takes a stretched coordinate transform. In our previ-
ous example, the stretched variable is ζ = t/δ, where δ is a scaling factor. Then
the equation for y(t) = Y (ζ) becomes

ε

δ2
Yζζ +

(1 + ε)

δ
Yζ + Y = 0.

The coefficients ε
δ2
, 1
δ , εδ and 1 should balance in the sense that Y and its deriva-

tives are atO(1).
Since ε

δ � 1
δ , the dominating orders could be balanced from one of the fol-

lowing three possibilities:

i. ε
δ2

and 1
δ : it means δ = O(ε). The other two terms are of order 1.

ii. 1
δ and 1: it leads to δ = O(1). This does not do any scaling; the resulting
equations will produce an outer solution instead.

iii. ε
δ2

and 1: it means δ = O(
√
ε). Then the other two terms areO(1) and√ε,

which cannot be cancelled (unless the coefficient of Y becomes zero).
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The only possibility is δ = O(ε), we simply let δ = ε. Consider the ansatz

Y (ζ) = g0(ζ) + εg1(ζ) + ε2g2(ζ) + · · ·

It satisfies
ε−1 : g′′0 + g′0 = 0, g0(0) = 0

ε0 : g′′1 + g′1 + g′0 + g0 = 0, g1(0) = 0

ε1 : g′′2 + g′2 + g′1 + g1 = 0, g2(0) = 0

...
It solves g0(ζ) = C0(e

−ζ − 1) and gk(ζ) = Ck(e
−ζ − 1) for k > 0. The constants

are undetermined.

lMatching and Combining

We have found the outer solution yout(t) and the boundary layer solution yinn ∼
g0(t/ε). To determine the constantC0 in g0, we assume that both approximations
can be extended a little bit to an overlap region t = ξεβ for some β ∈ (0, 1)

and ξ ∼ O(1) and the dominating behavior of both match, that is, yout(ξεβ) ≈
yinn(ξεβ−1).

e1−ξε
β ≈ C0(ξe

−εβ−1 − 1)

When ε→ 0, we find that C0 = −e1. Thus yinn ∼ e1 − e1−t/ε.
Then we combine the solutions and subtract the common (matched) part,

y(t) ∼ yinn(t) + yout(t)− yout(0) = e1−t − e1−t/ε.

lMore Terms

It is possible to repeat the above process to obtainmore terms. In this example, we
do not have higher-order terms since the remainder is at order O(e−t/ε), which
is transcendentally small. In general, if we have

yout(t) = yout,0(t) + εyout,1(t) + · · ·

and
yinn(t) = g0(t/ε;C0) + εg1(t/ε;C1) + · · ·
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It is possible to determine the constants C0, C1, · · · in the same way by choosing
an intermediate parameter t = ξεβ , and match

yout,0(ξεβ) + εyout,1(ξεβ) + · · · ∼ g0(ξε
β−1;C0) + εg1(ξε

β−1;C1) + · · ·

by expanding into the Taylor series. The common terms will be a truncation of
the resulting (matched) Taylor series.

Remark 8.3.5. Usually, if there is an unmatched term in the outer solution, it might be
matched later from a successive order from the boundary layer solution. Therefore, it is
advisable to expand a few more terms of yout and yinn to ensure their series match. For
instance (see Holmes (2012)), in the ODE

εy′′ + 2y′ + 2y = 0, y(0) = 0, y(1) = 1,

suppose we have the outer solution

yout(t) ∼ e1−t + ε
1

2
(1− t)e1−t + · · ·

and the inner solution

yinn(t) ∼ e1 − e1−2t/ε + ε

[
C(1− e−2t/ε)− t

ε
e1(1 + e−2t/ε)

]
+ · · ·

Setting t = ξεβ , β ∈ (0, 1), will expand them into (we choose β = 0.99 for simipicity)

yout ∼ e1 − ξεβe1 +
1

2
εe1 + · · ·

and
yinn ∼ e1 + Cε− ξεβe1 + · · ·

which makesC = 1
2e

1. The common part of both solutions is e1(1− t+ 1
2ε). Notice that

the last term of yinn comes from the O(ε) term of the expansion, while in yout, it is from
theO(1) term. Having t = O(ε1

−
) can ensure the truncated terms are all higher-order

terms. In theO(ε2) term of yinn, we will expect something like

ε2
(
t

ε

)2

(A+Be−2t/ε) ∼ Aξ2ε2β

while this kind of term appears in theO(1) andO(ε) terms of outer solution.

ForO(1) asymptotic approximation, we can extend to a slightly more general
case.
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Theorem 8.3.6. Consider the boundary value problem

εy′′ + p(x)y′ + q(x)y = 0, y(0) = a, y(1) = b.

where p(x) > 0. The inner solution

yinn(x) = C + (a− C)e−p(0)/ε,

yout(x) = b exp
(∫ 1

x

q(s)

p(s)
ds

)
.

The constantC = yout(0). The combined solution is y(x) ∼ yinn + yout − C .

Proof Sketch. The essential assumption is that the boundary layer only appears at
x = 0. Once we know that, the derivation is the same as the previous example.
The derivation of theO(ε) term is left as an exercise.

l Interior Layers

Sometimes, the layer solution occurs in the interior. For instance, the steady state
of the Burgers’ equation with anti-damping (negative) or damping (positive):

εy′′ = yy′ ∓ y, y(0) = 1, y(1) = −1.

The numerical solution (and its asymptotic approximation) is shown in Figure 8.7.
The sharp change is not at theboundarypoints; instead, it is located in the interior

Figure 8.7: Numerical solution (anti-damping) and the asymptotic solution at ε =
0.05.



8.3. MATCHED ASYMPTOTIC EXPANSION 187

of the domain. The solution transitions from one outer solution to another. We
take the anti-damping case for example.

Suppose the interior layer occurs at x0 ∈ (0, 1). We need to calculate outer
solutions from the left and right sides.

i. Left side. We set yl,out =
∑∞

n=0 ε
nyl,out,n(x), then

ε0 : yl,out,0(x)y′l,out,0(x)− yl,out,0(x) = 0, yl,out,0(0) = 1

ε1 : y′′l,out,0 = yl,out,0y′l,out,1 + yl,out,1y′l,out,0 − yl,out,1, yl,out,1(0) = 0.

It solves yl,out,0(x) = x + 1, and yl,out,1 = 0, which inductively proves all
yl,out,k = 0 for k ≥ 1.

ii. Right side. Similarly yr,out = x− 2.

Then we deal with the inner solution (interior layer). On the right-side of x0,
we introduce the scaling ζ = x−x0

δ , then let Y (ζ) = y(x),
ε

δ2
Y ′′ =

1

δ
Y Y ′ − Y

The dominating terms should be ε
δ2

∼ 1
δ � 1, we take δ = ε. The inner solution

solves
1

ε
Y ′′ =

1

ε
Y Y ′ − Y.

Let Y (ζ) = Y0(ζ) + εY1(ζ) + · · · , then

Y ′′
0 = Y0Y

′
0 , Y ′′

1 = Y1Y
′
0 + Y ′

1Y0 − Y0.

There are three cases for Y0.

• Y0(ζ) = A1−BeAζ

1+BeAζ , whereA,B are arbitrary.

• Y0(ζ) = A tan(B +Aζ/2).

• Y0(ζ) = 2
A−ζ .

When we perform the matching, we will need to compute Y0(∞); this leaves us
only the first option. Matching the right side by taking x = x0 + ξεβ ,

Y0(ε
β−1) ∼ x0 + ξεβ − 2

The limit ε→ 0 leads to−A = x0−2. Similarly, we derive the left side’smatching,
A = x0 +1. Therefore, we must have x0 = 1

2 andA = 3
2 . It remains to determine
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B. This can be derived from the symmetry of the solution, that is

w(x) := −y(1− x)

satisfies the same equation, thus−y(1−x) = y(x), and y(12) = 0, itmeansB = 1.
Finally, we combine the inner solution and outer solutions. Due to the sym-

metry, we only have to deal with one side. For x > 1
2 ,

y(x) = x− 2 +
3

2

1− e3(x−1/2)/2ε

1 + e3(x−1/2)/2ε
+

3

2
= x+ 1− 3e3(x−1/2)/2ε

1 + e3(x−1/2)/2ε
.

It can be seen that when ε→ 0, we will see a sharp jump from 3
2 to−3

2 at x = 1
2 .

Remark 8.3.7. The nonlinear term yy′ in the equation caused the interior layer. Suppose
we treat y as the coefficient of y′. When y is always positive or negative, the inner solution
will be an exponentially growing/decaying function, and it cannot be an interior layer
since it will blow up on one side. Therefore, the layer will be a boundary layer. Intuitively,
having a positive y pushes the boundary layer to the right, and a negative y pushes back.
When y changes from positive to negative, the effect is a layer pushed in the middle. The
point that y = 0, in this case, is called the turning point. We can expect an interior layer
when y is replaced by y3, but only a boundary layer at the right endpoint if replaced by
y2.

Remark 8.3.8. It is possible to havemultiple boundary/interior layers, and it is essential
to locate them before performing asymptotic analysis. However, given a general problem,
the most effective way is probably first to let ε = 10−3 or so to simulate a numerical
solution to gain insight into whether a layer solution exists.

lCorner Layers

Sometimes, the solution itself does not have abrupt changes, but its derivatives
do. For instance,

εy′′ + (x− 1

2
)y′ − y = 0, y(0) = 2, y(1) = 3.

Thepointx0 = 1
2 is a turningpoint, whichmay cause a layer in the interior instead

of at the boundaries. First, we solve the leading term of the outer solutions using
two boundary conditions by dropping εy′′.

yout =

{
−4(x− 1

2), x < x0,

+6(x− 1
2), x > x0.
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These two lines join at x0 = 1
2 , forming a continuous but non-differentiable func-

tion (thus called a corner layer), see Figure 8.8.

Figure 8.8: Numerical solutions for different ε.

For inner solution (on ei-
ther side), takeY (ζ) = y(x−x0δ ),

ε

δ2
Y ′′ + ζY ′ − Y = 0

Thus the only viable choice is
δ =

√
ε and the resulting in-

ner solution’s equation is

Y ′′ + ζY ′ − Y = 0.

It does not involve ε, but it
does not mean we can treat its
solution as the leading term
directly. It could be higher-
order terms. It can be figured out later in the matching process. The resulting
solution is (by reduction of order)

Y (ζ) = Aζ +B

[
−e−ζ2/2 − ζ

∫ ζ

0

e−s
2/2ds

]
.

The matching near x = x0 + ξεβ , where β ∈ (0, 1/2),

yout(x) ∼

{
−4εβξ = −4(x− x0), ξ < 0

+6εβξ = +6(x− x0), ξ > 0

and yinn ∼ ξεβ−
1
2 (A − B

√
π/2) for positive ξ and yinn ∼ ξεβ−

1
2 (A + B

√
π/2)

for negative ξ. Comparing the solutions, we find

A−B
√
π/2 = −4ε1/2, A+B

√
π/2 = 6ε1/2.

Therefore,

Y (ζ) = ε1/2ζ − 5
√
2/πε1/2

[
−e−ζ2/2 − ζ

∫ ζ

0

e−s
2/2ds

]
.

Then, combining the inner and outer solutions, we obtain (also see Figure 8.9)

y(x) ∼ (x− 1

2
) + 5

√
2/π

[
ε1/2e−(x− 1

2
)2/(2ε) + (x− 1

2
)

∫ (x− 1
2
)ε−1/2

0

e−s
2/2ds

]
.
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Figure 8.9: Numerical solution and asymptotic approximation at ε = 0.01.

l Initial Layers

The initial layers refer to an abrupt change on a short time scale near t = 0. This
is common for dynamics that involve small scales.

8.4 Multiscale Expansion

The multiscale expansion method merges the outer and inner solutions and as-
sumes the solution in the form y(x) = y(x, xεα ), where x

εα is called fast variable.
Asymptotically, the solution’s expansion is

y(x) = y0(x,
x

εα
) + εβy1(x,

x

εα
) + · · ·

8.5 WKBMethods

TODO

8.6 Homogenization

TODO
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8.7 Exercises
KProblem 8.7.1. Find the asymptotic approximation of Legendre polynomials

Pn(z) =
1

2n+1πi

∫
C

(t2 − 1)n

(t− z)n+1
dt

whereC is a contour enclosing z ∈ R with n→ ∞.
ZProblem 8.7.2. Find the first three terms in the asymptotic solution ansatz y =

y0(x) + εy1(x) + ε2y2(x) + · · · for

y′′ + εy′ + ε2y = 0, y(0) = 0, y(1) = 1.

KProblem 8.7.3. Prove Theorem 8.3.6 and derive the asymptotic expansion to order
O(ε).
KProblem 8.7.4. Let 0 < ε � 1. Use matched asymptotic expansion to find the
asymptotic solution for

ε2y′′ + 2εp(x)y′ − q(x)y = f(x), y(0) = a, y(1) = b.

The functions p, q, f are continuous, and q is positive.
KProblem 8.7.5. Let 0 < ε � 1. Use matched asymptotic expansion to find the
asymptotic solution for

εy′′ +

(
1

2
− t

)
y′ + y = 0, y(0) = 0, y(1) = 1.

KProblem 8.7.6. Consider the ODE

y′′ +
1

ε
y′ + y(1− y) = 0, y(0) = 0, y(1) = 1.

usematched asymptotic expansion to find the asymptotic solution when ε → 0+. You
may assume there exists a boundary layer at x = 0.
KProblem 8.7.7. Let 0 < ε � 1. Use matched asymptotic expansion to find the
asymptotic solution for

εy′′ + ε(x+ 1)2y′ − y = x− 1, y(0) = 0, y(1) = −1.
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