Chapter

Differential Operators

If there is a problem you can’t solve, then there is an easier problem you can
solve: find it.

- George Pélya

HE study of differential equations often begins with classical notions of
differentiation and smooth functions. However, many physically mean-
| ingful problems involve irregular data, singular sources, or solutions that
lack the smoothness required by classical analysis. To rigorously address such
concerns, modern mathematical analysis must extend the concept of differentia-
tion well beyond its traditional boundaries.
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4.1 Distributions

Distribution was introduced by Laurent Schwartz in 1940s. A distribution can be
viewed as an extension of a function.

4.1.1 Motivation

Let u(xz) € C(R) be a continuous function. The function can be uniquely deter-
mined by evaluating at each point {u(x) | € R}, which treats the function as an
ordered set or a geometric curve. If, in addition, the function u(z) is 27-perioic,
the function can be alternatively determined by its Fourier coefficients,

u(x) = Z ue™®

keZ

since the Fourier series converges pointwise at continuous points. It implies that

the set )
{/ u(a:)e””dx}
0 kEZ

determines the periodic continuous function u(z) uniquely.

If we replace the Fourier modes with general functions ¢ € S, the set S is
known as test functions, and we can ask whether or not the inner product

{/Rzp(x)u(x)da;}, peSs

can uniquely determine w(z). In particular, to make the integral valid, we may
assume S is the set of smooth functions with compact support, S = C5°(R).

Lemma 4.1.1. Let u € C(R), then the set of values

{[vonwi}, veorm

uniquely determines u.

Proof. 1f there are two distinct functions u;,us € C(R) satisfying the require-
ment, then there exists an open set Z C R that u; > wus, then one can take
1 = x, where x is a bump function with small compact support on Z such that
(1, u; — ug) > 0. Contradiction. O
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In fact, one can find u(x) in an explicit way.

e—=0 ¢ e

) =tim [ (T2 ) atyay

where v is a bump function from C§° satisfying the normalization. The functions
in Cg° are corresponding to numbers L,, € R for some u:

sz/Rqﬁ(m)u(z)dx.

This derives the following necessary property for L.

Condition 4.1.2. The numbers Ly, satisfy linearity, that is,

Law+b¢ = CLL¢ + bL¢

If ¥, € C§° converges to ¢ € C§° uniformly for any derivatives and shares the
same support [— A, A] (we denote this by 1, — ), then

Lo = ol < [ 4nle) ~ v (e 0.

This leads to another necessary property for L.
Condition 4.1.3. Ly, — Ly if ¢, =5 9.

However, the condition that L,,, — Ly, if ¢, % 4 does not mean there exists a
function u € C(R), the other direction is correct.

Example 4.1.4. Suppose Ly, u = 1,,(0), then we cannot find the continuous function
u (why?).

4.1.2 Functions to Distributions

If we do not restrict u € C(R), then we wonder what Conditions 4.1.2 and 4.1.3
bring to us. Since we cannot say the existence of some function u, we call the set
0 :={Ly}, ¢ € C5°(R), as a distribution.
Symbolically, we can view / itself as an operator (linear functional) on ¢ €
D = C5°(R) that
() = Ly = (U(x), ().
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The notation ¢(x) is just a symbol, not necessarily a function evaluated at x. The
distributions ¢ form a vector space (dual space), denoted by D’.

Example 4.1.5. The previous lemma implies that C(R) C D'.

Example 4.1.6 (Dirac). Forinstance, {(1)) = 1)(0) defines a distribution ¢, called Dirac
d-function, {(x) = §(z).

Example 4.1.7 (Heaviside). Let ((¢)) = [;* 1 (x)dx. Then, {(x) is a step-shape func-
tion, known as the Heaviside function,

0z) = {1, x>0,

0, z<0.

This function is not continuous, and the value of £(0) can be arbitrary.
Example 4.1.8. Similarly, /(1)) = ¢*) also defines a distribution, and it corresponds
to (—1)k6() ().

4.1.3 Properties of Distributions

Besides the linearity of the vector space formed by distributions, the product of a
distribution and a smooth function is still a distribution.

Definition 4.1.9. Let ¢ € D', and g € C*°(R), the product g/ (or £g) is defined
by
gl(¥) = (g, ¢) := (£, g¥).

Thus, g¢ € D'.

Remark 4.1.10. However, if g itself is also a distribution too, the product of two distri-
butions is not a distribution. We cannot define this structure through the two conditions
mentioned in the last section.

Definition 4.1.11. A shift to the right by a of the distribution ¢(x) is denoted by
0., (these are just symbols)

Coal®) = (x — a), () = {U(x), (z +a))
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Definition 4.1.12. The rescaling of a distribution, denoted by ¢y , is defined by

1 T

b () = (l(kx), ¢ (2)) = m@(ﬂf),d)(g)%

Example 4.1.13. Recall §(x) is the Dirac function, then

o) = Ua), () = r(0)

Sometimes we can see [~ 6(x)dx = 1, it actually means 6(1) = (5,1) = 1. In fact,
the integral can be an arbitrarily small open set around the origin,

/ d(kx)dr = “1‘, Va > 0.
and
b 1
/ S(x —c)der =<’ ¢ € (ab),
a 0, c¢¢(a,b).

Note that we cannot evaluate the integral above uniquely when ¢ = a or ¢ = b without
imposing additional rules. It means 0 is applied to a discontinuous function.

Definition 4.1.14 (Convergence in distribution). Let ¢,, € D’ be a sequence of
distributions that converge weakly to { € D' asn — oo, it means

b(Y) = L(Y), YYeD, n— oo

And we denote £,, — (.

Example 4.1.15. Let {;(z) = k?sin(kz) € D', then {;, — 0.

(), B(z)) = / Esin(le)(o)ds

A
= —eos(ka)u(e)| + / keos(ka)y (x)dz

A

A
- / sin(kx)y" (z)dx
—A

—A

= sin(kx)y' ()

— 0.

This is the Riemann-Lebesgue theorem.
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Example 4.1.16. Let /,,(x) be

Then ¢,, — .

Example 4.1.17. Consider the principle value of 1, which defines the following map

p-Vv. <Jlj) : ¢ — lim @da:.

e—0t lz|>e T
It defines a distribution on R. The integral operators

Z,.(¢) —/|>1 gfj(gj”)dx

converges to p.v. (1) in distribution.

4.1.4 Derivatives of Distributions

The derivative of a distribution is defined via integration by parts, which shifts
differentiation to the test functions.

Definition 4.1.18. Let ¢ be a distribution, then

(@) = (€(2),¥(2)) == —(l(=),¢'(z)).

It immediately follows that the derivative of any order of a distribution remains
a distribution (by induction). If ¢ itself is a differentiable function, then ¢ is its
usual derivative.

Example 4.1.19. If( is the Heaviside function, then ¢’ = § (why?).
Lemma 4.1.20. The differentiation operator for distribution is continuous, that is,
by =5 0 implies ), =5 0.

Proof. The term “continuity” refers to the weak topology. The theorem is easy
using the definition. O
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Example 4.1.21. The finite difference scheme
ey —0) 50, e—0.

By definition, we can easily derive the product rule for differentiation.

Lemma 4.1.22. If g € C*°(R), then the product rule applies.

(g0) = g't+gl'.

Example 4.1.23. Consider (H (x)S252)" | £ 0, where H () is the Heaviside function.

sin kx sin kx

(H(@) =) = H ()

+ H(zx)cos(kx).

Since H' = 6, and H'(z) 2% = ( (why?). Then,

(H(z)coskx) = H'(x) cos kx — H(z)ksin(kz) = 6(z) — H(x)ksin(kz).

(dd; + I<:2> (H(:c)smkkx> ~ 5(a).

Remark 4.1.24. The multivariate distribution can be defined similarly, including the
partial derivatives.

In other words,

4.2 Distributions of Compact Support

The previous sections have mentioned the Dirac §-function and its derivatives. It
is straightforward to see that

/&“mmexza
R

if 0 ¢ supp ¢. This implies that §*) is compactly supported (at = = 0). This raises
a question: if ¢ € D’ is compactly supported on a point, what else can ¢ be?

Recall that a distribution ¢ satisfies the condition 4.1.3, which implies some
“continuity”, that is, if given any o, 0%¢; — 0%¢, forall 2 € K CC Q uniformly,
then

U(¢j) = U(9).
The continuity can be quantified through the following metric (not a norm).

Remark 4.2.1. Intuitively, we can assign C*(K') norm to C* functions with k — oo,
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that is

£l =D 110° Flleww)-

|| 20

Each norm in the sum is a standard norm for continuous functions. However, this does not
define a norm since || f || is not always finite for f € C functions.

Definition 4.2.2. Let K1 C Ky C - - - be asequence of compact subsets such that

| int(x;) = Q.

The following function defines a metric on C'*°(£2):

1 = gllx;.m
L+ If = gllg;m’

do(frg)= Y 277
j=1,m=1

where || f| .m = SUP,e i o <m |0 ] (2)]-

Remark 4.2.3. One can show d is indeed a metric on C'°°(£2). This induces a topology
on C*°(Q)) which allows us to define the desired “continuity”.

Theorem 4.2.4. C°°(Q) is complete under the metric dc.

Proof. Let ¢, € C*°(2) be a Cauchy sequence under d¢. Then 9°¢y, is a Cauchy
sequence under C(K ;) norm. Thus (since C'(K;) is complete), there exists ¢, €
C(KJ) that

0%¢; = ¢ € C(K;).
Thus, ¢ = 0%po, Where ¢y = limy,_,, ¢i, which implies ¢, — ¢ in C°(K;) and
let j — oo. O

Theorem 4.2.5. Let { € D' be compactly supported on 2. Then, there exist K, m
and a constant C' (depends on /) that

[€(0)] < Cl|]l m-

The smallest possible m is called the order of (.
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Proof. First, we show that ¢ € D’ canbe extended to alinear functional on C*(£2).
Let K = supp(¥) C 2, we take y € C5°(f2) such that x = 1 on K. Then,

K(qﬁ) = <€> ¢> = <€7X¢>

Thus ¢ : ¢ — (¢, x¢) is a linear functional for C*°({2).

By the continuity of 7, there exists = d(¢) > Othatif dc(x¢,0) < 4, [¢(4)| <
e. There exists N and jy that if || x¢| x ~ < ¢’ for some §’, then

N o X®llx;m
do(x¢,0) = Y 27 mM—S—m <4
j=Lm=1 1+ [Ix0ll & m

Therefore, |((¢)| < € whenever ||x¢| x, ~ < ¢, which implies

19 13
[(p)] < gHX¢>HKN,N < CX§H¢HKN,N-

Corollary 4.2.6 ( (2003)). If ¢ € D' is compactly supported, then ¢
has a finite order.

Example 4.2.7. The distribution ) (x) has an order of k.

Example 4.2.8. The distribution p. v. (1) has an order of 1 (why?).

The following theorem can be easily extended to high dimensions.

Theorem 4.2.9. If¢ € D'(R) is supported at a finite number of points, denoted by
P, then w is a finite linear combination of

N
l(x) = Z Z Cap0®0(z — p).

peP a=0

Proof. 1t suffices to show for a singleton set P = {0}. Assume ¢ has an order of m
and

1£()] < Cllollrcm
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For any ¢ = ® + ¥ decomposed as its m-th Taylor polynomial and the remainder.

m k
z
() = o)~ Y 6P(0) 7
k=0
-0
We have the estimate
[¢] < m+lfo¢.
0¥ @) < oyl

Then take any bump function € C§°(R) that equals to 1 in By (1), we have (for
any ¢ > 0)

()] = [(€,n(x/e)¥)| < Clin(z/e) ¥ K m
=C sup sup [9%(n(z/e)V)]

2€By(e) |o <m

< [C(ﬁ, m)”QbHK,erl] e =0,
as e — 0. Therefore, {(¢) = ¢(®). Finally, ¢ is uniquely determined by mononi-
mals, and £(z") = t,, means ((z) = > 2 (—1)"6() (). O

Example 4.2.10. Forinstance, if p(z)u = Oforallz € R, wherep(z) = Hévzl(x—:rj)
is a polynomial with no repeated roots. Then P = {z;} ;-V:l, and

N m
= Z ch,a(S(a)(x — ;).

j=1 a=0

By testing p(z)u against (x — x;)° (locally), we find that c; o, = O for all & > 1. Thus,

.’E—,IJ

”'MZ

4.3 Green’s Functions

We consider the linear ordinary differential equation of constant coefficients

Au=0, A= E -
—~ dx
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Definition 4.3.1. The fundamental solution of the operator A is a distribution
E(x) € D' that

The key idea of the fundamental solution is that
Al(r —y) = 6(z —y),

then (why?)

A ( [ - y)f(y)dy) ~ [ s - = o)

It means £ * f is a solution to the ODE Au = f.

Example 4.3.2. Let A = L the fundamental solution is the Heaviside function H (z).
We should notice that the fundamental solution is not necessarily unique.

Example 4.3.3. Let A = 5722' the fundamental solution is % |z|.

Theorem 4.3.4. Let A be an ordinary differential operator with constant coeffi-

cients,
./4 — Z Qg ﬁ .
k=0
Then u(x) = H (z)¢p(x) is a fundamental solution, where

dk

=0

Proof. A more direct approach is to use the Laplace transform (see Chapter 7). We

can check g
(HG) = HY' + H'o = HY,

since ¢(0) = 0. This process inductively continues until

d—(H¢) = H¢™ + H'¢ D = g™ + 5i_
dx™ an

O]

Green’s functions can be viewed as a specific fundamental solution subject to
some homogeneous boundary conditions.
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Definition 4.3.5. Let A bealinear differential operator. If G is the Green’s function,
then

Ag(x,y):5(x—y), LU,:I/GQ,

and BG(x,y) = 0 for x € 0S), where I3 corresponds to the boundary condition.

Then the differential equation
Au=f, Bu=0

permits a solution v = [, G(x, y) f(y)dy. This because

Au— A /Q G(z,y) f(y)dy = /Q AG(z,y) f(y)dy = /Q 5z — ) f(y)dy = f(2).

The boundary condition of u is automatically satisfied.

2

Example 4.3.6. Let A = dd? — k2, B denotes the Dirichlet boundary condition. The
domain Q2 = (0, 1). Then, the Green’s function satisfies

AG(z,y) =0, {z>y}lu{z <y}
On either side, the solution can be found

Glr.y) = Asinh(kx) + B cosh(kx), <y,
7 Osinh(k(z — 1)) + Deosh(k(z — 1), « > y.

Across the interface x = 1, we need
1. Continuity. G(y~,y) = G(y™, y).
2. Jump. Go(y™,y) = Gu(y~,y) + L.

At the boundary points, we need G(+1, y) = 0. After solving the coefficients, B = D =
0, and
Asinh(ky) = C'sinh(k(y — 1)),

Acosh(ky) = Ccosh(k(y — 1)) — %

Thus,

_ sinh(k(y — 1)) _ sinh(ky)
A= "sinh®) ° ¢ Fsinh(k)
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The Green’s function is

sinh(k(y — 1)) sinh(kz)

Glo.y) — % sinh(k LY
'Y Sll’lh(ky) sinh k‘(l‘ - 1)) >
k sinh(k) P

Remark 4.3.7. For a general n-th order ODE with
k=0
The conditions become
1. Continuit_y. a];g(yia y) = a’;g(er’ y)r k= Oa ]-a N = 2.
2. Jump. 0y 7'G(y™,y) = 97 Gyt ) + oy
3. Boundary. BG(x,y) = 0 for x € 0SL

On either side of the interface = = y, the solution has n coefficients undetermined (total
2n). The continuity eliminates n — 1 of them, and the jump condition eliminates one
unknown. The homogeneous boundary conditions eliminate n unknowns.

For a general 2nd-order ODE for which ay # 0, let u; (x) and us(x) be two solu-
tions that satisfy homogeneous boundary conditions on both sides. For instance,
if the domain is (a, b), then

Buy(a) = Bua(b) = 0.
Then we can write the Green’s function as

JAun()ua(y), =<y,
Gla,y) = {Bul(y)uz(ac), T >

The continuity condition becomes A = B. The jump condition becomes

Au (y)ua(y) + = Buy(y)uy(y).

an(y)
Thus, A = B = (az(y)Wui(y), u2(y)]) "
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4.4 Introduction to Sobolev Spaces
Sobolev spaces are essential in differential equations, where derivatives are un-

derstood in the distributional sense. To make the argument more general, we
consider 2 C R? as the open domain.

Definition 4.4.1. The smooth functions with compact support are denoted by

C(Q):={feC>®Q)|suppf CV CC Q}.

We use D(Q2) = C§5°(2), which is called the space of test functions.

Definition 4.4.2. If fxx € L' for any compact set K CC ), then f is locally
integrable, and denoted by f € L} (). Similarly, we can define L ().

loc loc

Example 4.4.3. f(x) = 1/x is locally integrable on (0, 1) (actually, locally integrable
on R — {0}). It is not globally integrable.

Definition 4.4.4. Let u € L _(Q). Thenv* € Lj, () is called the o-th weak
derivative of u if

/ w(z) D% ¢(x)d = (—1)l! /  (2)6(z)dz, Vo € D(Q),
Q

Q

where o = (au, - - , o) is amulti-index and D = 03} - - - 9gn.

Remark 4.4.5. If the weak derivative v® exists, it is unique. If not, then
/(vf‘ —vy)pdr = 0.
Q
Example 4.4.6. The Dirac function §(x — ') is not in L. (€2). Therefore, the Heavi-

side function or any discontinuous function cannot have 1st-order weak derivative. The
function o (x) = max(z, 0) has a 1st-order weak derivative as the Heaviside function.

Lemma 4.4.7. If f € LP(Q), then f € L{ (). In other words, LP(Q) C

Continue on next page |}
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| Li ().

Proof. Let K CC ( be any compact set. Then |K| < oo (finite covering), then

1/p /g
P q o K |14 )
/K!f(ﬂf)!dafé (/K!f(w)l dw) (/Kl dx) < A fllee KT/ < o0

Next, we provide a characterization of functions in Lj _(£2) as the limit of smooth
functions. The standard approach to constructing the limiting sequence is to use
mollifiers.

Definition 4.4.8 (Mollification). Letn € C§°(R?) be a bump function supported
on By(1) such that ||| ;1 gay = 1. Suppose u € Ly, (L), the mollified function of
wis

Ue =M *u, x€ Qe :={xeQ|dist(z,Q) > e},

where 1. is the mollifier:

ne(x) = gidn (g) -

Theorem 4.4.9 (Mollification in L?). The following statements are true.

1. Suppose u € C(f2), then u. — w uniformly on any compact subset of §2 as
e — 0.

2. Supposeu € Ly, (), thenu. — win L} () ase — 0.

Proof. For the first statement,

sup [uz () — u(z)| = sup / e — ) (uly) — u(z))dy
zeK z€K |J By (¢)

< sup Ju(y) —u(@)]
2€K,y€ By ()

Since u € C(f2), it is uniformly continuous on a compact subset K. Thus, the RHS
converges to zero as ¢ — 0.

For the second statement, given a compact subset K CC Q and § > 0, there
exists another compact subset K’ 55 K andv € C(K') suchthat ||u—v][1rxr) <
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0. Therefore,

Jue — ull o) < e = vell o) + [Jve — vllLo) + v — ullzox)

< Jue — UEHLP(K) + [lve — UHLP(K) + 9.
Select ¢ small enough, |J, ., B:(¢) € K’ and |[v. — v||p(x) < 6 since v. — v
pointwise uniformly. The first term satisfies
e = vel| Lo (rey = (1= * (u — v) | Lo (x0)
P 1/p
~([ [ et - ea] a)
K |J Bz(e)
p/p' 1/p
< / (/ ne(z — y)dy) </ Ne(z — y)luly) — v(y)lpdy> dx
K \JBg(e) Bg(¢)
1/p
~([ ([ o=l - vtwPay) as)
K By ()

< lu— vl ppgry < 6.

Definition 4.4.10 (Sobolev Spaces, W*?(Q2)). Let p € [1,00]. The Sobolev
space
WhP(Q) = {u € LL (Q) | D*u € LF(), V|a| < k}.

The Sobolev norm
1/p

lullwroy = | 32 1D%ulqy |+ P € [1,00).
|| <K

and

HuHWkaOO(Q = gllg HDQUHLW(Q)-

Example 4.4.11. Suppose the function f(x) = |z|~® € W1P(Q), where Q2 = By(1) C
R, We can find that

1. f e LL (Q) means [, |z|"“dx < oo. Thus o < d.

2. f € LP(Q2) means pa < d.

3. Dy, f = —alz|*2z; € LP(Q) means a < g L
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We notice that if d < p, then a < 0, which means f € C(£2). This verifies Morrey’s
inequality. We will see that in the Sobolev embedding theorems.

Theorem 4.4.12. W*P?(Q) is a Banach space.
Proof. Let uy, be a Cauchy sequence in W#?(Q). Therefore, each weak derivative
D%y, is a Cauchy sequence in LP(£2). Since L?(£2) is a Banach space.
D%y, — u® € LP(Q).

Then, we simply show u® is the a-th weak derivative of u", which is the limit of
u, in the L? sense.

Let ¢ € C§°(R2), then

/uoDa¢d:1:: lim /ukDo‘d)dx
[¢) k—oo QO
= (=1l lim /Do‘ukgbdx:(—l)|“|/uagbdx.
k—o0 Q O

Therefore, u® = Du°. Thus, u;, — u® in WkP(Q). O

Corollary 4.4.13. H*(Q) := W*2(Q) is a Hilbert space with inner product

(u, v) g = Z (D%, D) 2.

la|<k

4.4.1 Approximation By Smooth Functions

The following theorem shows that any function in the Sobolev space can be ap-
proximated by smooth functions in the interior domain.

Theorem 4.4.14 (Local Approximation). Letp € [1,00) and k > 0. Suppose
u € WkP(Q). Define

Ue = T * U,

where n.(z) = E%m (%) € C§°(Bo(e)). Theneachu. € C*°(£) and

li_lg lu — UEHW’W’(K) =0,

Continue on next page |}
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I for any compact K CC €.

Proof. 1t is simple to show u. € C*°(€2.) by definition and u € L| ().
For any compact K CC €, we choose ¢ > 0that K C Q.. Let ¢ € C§°(K),

then
[ pucsin = [ ot < [ Dsna =ty >dy> dx
K K
— [ ([t~ y)D%(y)dy) b(e)da
Kk \Ja
= / (e * D) pdz.
K
Thus, D®u. = 7. * D*u and converges in L], (Q2)ase — 0%, O

Moreover, the above theorem can be extended from the interior to the bound-
ary, which is known as the Meyers-Serrin Theorem.

Theorem 4.4.15 (Meyers-Serrin Theorem). Letp € [1,00), k > 0, and Q is
bounded. Let u € W"P?(Q). Then there exists a sequence uj, € C>°(Q) N WP ()
such that

klgglo lur — ullwer) = 0.

Rough idea. Choosing a sequence of layer open sets Uy, = {z € | dist(z,00) €
(755 T3 1)} Forany f € W*P(Q), decompose the function through a partition of

unity:
F=> xu.f
k=1

Then, use the previous local approximation theorem on each Uy, there is a ¢, €
C>(Uy) with an approximation error within % in W*? norm. Then, let ¢ =
Y req b € C(Q) is an approximation to f within an error of ¢. O

Remark 4.4.16. W*>°(Q) does not allow smooth approximations in W*> norm. For
instance, the absolute value function is in W1°°((—1, 1)), its derivative is bounded but
discontinuous.

Remark 4.4.17. Historically, there have been two definitions of Sobolev spaces

(2003). WP is the set of functions with weak derivatives up to order k in L.
Another definition, H*?, is the closure of smooth functions under the W* norm. Meyers-
Serrin in 1964 showed that these two definitions are equivalent without any regularity
requirement about €.
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Remark 4.4.18. If we need the smooth functions in C*°(£2) instead of C*°({2) to ap-
proximate WP ((Q), that is, bounded derivatives of all orders, then OS2 needs some regu-
larity. See ( : , Section 5.3.3).

4.4.2 Sobolev Embedding

Definition 4.4.19. A Banach space X is compactly embedded in another Banach
space Y if || f||x > C|| f||y for some constant C = C(X,Y ) andany f € X. Itis
denotedas X — Y.

In this section, we will establish some embedding results for Sobolev spaces,
that is, if X = W*?(Q) and Y = W™9(Q), under what kind of situation(s) we
can find that || f||yyx0 > C||f||lwm.a?

It is known that f € W*?(Q) can be approximated by smooth functions. Sup-
pose we can prove the embedding inequality for smooth functions in W*?(Q) N
C>(Q). Does that imply f also satisfies the same inequality?

Lemma 4.4.20. Suppose

1hllwrr@) = Cllhllwma@)

forall h € WP (Q) N C>°(Q). Then for any f € Wk»(Q),

HfHW’W(Q) > CHwam,q(Q).

Proof. First, we show that if f € W*?(Q), then f € W™(Q). Choose a Cauchy
sequence f; € WFP(Q) N C>(Q). For any £ > 0, there exists N that j,/ > N and

Hfj - fl”kap(Q) < €.

By the embedding inequality, it means f; is a Cauchy sequence in W"4(2). Thus,
g = lim;_, f; € W™9(Q). We know that || f; — f||z» — 0 means there exists
a subsequence f;, — f almost everywhere. Since g = lim,,_,, fj, in W™1(Q),
there is a subsequence f;, , — g almost everywhere. Thus f = g. The result is
immediately proved by noticing that

I fillwrry = I fllwrr) I fillwmac) = | fllwma)-

O]

We first introduce the Gagliardo-Nirenberg-Sobolev inequality. From the pre-
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vious theorem, we only need to show that the inequality holds for smooth func-
tions.

Theorem 4.4.21 (Gagliardo-Nirenberg-Sobolev). Let u € C$°(R?) that 1 <
p < d. Then
[ull o= ey < CllDul Lo ga)-

The constant only depends on p and d and p* = dd—i > p.

Therefore, W'P(R?) — LP"(R?). We obtain the famous Poincaré inequality
(where C depends on )

lull2(@) < ClIDull 20y, Vu € Wy (9).

The space W, *(Q) ¢ W2(Q) is the closure of C3°(Q) under W2(Q) norm. If
d < p, the space W1? has more regularity and can embed into Hélder continuous
function space.

Theorem 4.4.22 (Morrey). TODO.

Example 4.4.23. TODO.

Remark 4.4.24. Forthe critical case p = d, we find p* = oc in the Gagliardo-Nirenberg-
Sobolev inequality. However, the following example shows

ﬂxw=bg@gu+;p>¢Lmu%u».

But the singularity is very mild, thus

f(z) € WHP(By(1)), p>1.

4.4.3 Application: Sturm-Liouville Problem

Suppose Q = (a,b) C R. Let p,q € L>(Q) and f € L*(Q). The regular Sturm-
Liouville equation is

~ i (M o) + atedute) = fia). (1)

where p(z), ¢(x) > a > Oforx € 2, and we consider the homogeneous Neumann
boundary conditions u/|s = 0. The equation can be easily extended to higher
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dimensional domain with a smooth boundary.

Definition 4.4.25. A weak solution to (4.1) is a function u € W2(Q) that

/Q p(ay (@) (@)de + / o(@)ulz)p(z)ds = / f(@)d(@),

forall p(z) € C>(Q) N WL2(Q) which is dense in W12(Q).

In the following, we show that a weak solution u € W12(Q) exists and is unique
under certain circumstances. Let

Blu, v] :/ﬂp(:n)u’(:c)v'(w)dx—i—/q(:c)u(:v)v(:v)dx,

Q

The operator B[] : WH2(Q) x W2(Q2) — R is bilinear on the Hilbert space
Wh2(Q). We first prove a simple version of the Riesz Representation Theorem,
which relies on the following lemma.

Lemma 4.4.26. H is a separable Hilbert space if and only if it has a countable set
of orthogonal bases.

Proof. 1f H has a countable set of orthogonal bases {¢; };cn, then

{Z cii | ¢ € Q}
€N
is a countable dense subset of H.

If H has an uncountable set of (normalized) orthogonal bases (Zorn’s lemma
guarantees the existence). Then any dense subset of H must be uncountable due
to the O(1) distance between the orthogonal bases. O

Theorem 4.4.27 (Riesz, separable). Let A : H — R be a bounded linear func-
tional on a separable Hilbert space H. Then there exists a unique f € H that

Ah = (f,h),

where (-, -) is the inner product defined on .
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Proof. Let {¢; };cn be a set of normalized orthogonal bases that spans 4. Then A
is uniquely determined by ¢; := A¢;. Therefore, we have aunique f = ) ;2 ¢;¢;.

since (f, f) = 322, |e;|” and
00 2 00
IAll5, = sup [AR|* = sup ( cz-tz-l) =) lal*
Y Hh“:l Zz‘eN‘tiP:l ; ;

We know [ € H. O

Theorem 4.4.28 (Lax-Milgram, separable). Let H be a separable Hilbert space.
Suppose the bilinear form B[-, ] : H x H — R satisfies

1. continuous: | Blu, v]| < C||ul|#/||v]#;

2. coercive: Blu, u] > c||ul?;

Then the equation Blu,v] = (f, v) has a unique solution u € H.

Proof. Since |Blu,v]| < C||ul|»||v|#, it means Blu, -] : H — R is a bounded lin-
ear functional. Thus, by the previous Riesz Representation Theorem, there exists
@ € H that

Blu,v] = (a,v), YveH.

The map J : u — @ must be linear since

(J (a1u1 + asuz),v) = Blajui + asus, v]
= a1 Bluy,v] + asBluz,v] = (a1 T uy + asJug, v).

In other words, Blu, v] = (Ju,v) and by the continuity condition, || 7|,y < C.
We first notice that 7 is injective by

Blu,u] = (Tu,u) > cllul* = || Tull > cl|ull.

and it also implies Ran(.J) is closed (why?). We then show that 7 is subjective. If
not, 3h € H and h # 0 that h | Ran(J). Thus,

I3, < Bl h] = (Th,h) = 0.

Therefore, 771 : H — H exists and |7 !|| < ¢~!. The solution u = J ! f is the
unique solution. O

Remark 4.4.29. The separability of the Hilbert space is NOT necessary for the Riesz Rep-
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resentation Theorem or the Lax-Milgram Theorem.

Now, we shift back to the Sturm-Liouville equation. The weak solution satisfies
the equation

Blu,v] = (f,v) 2.

Notice that the RHS is the usual L? inner product, not the W%? inner product.
However, by the Riesz Representation Theorem (W*? is separable if 1 < p < 00),
there exists a unique f € H := W1%(Q) that

<f7 U>L2 = <f’ v>7~['
It remains to check if Bu, v] satisfies the conditions in the Lax-Milgram theorem.

1. continuous: by Cauchy-Schwartz inequality

Bluoll = | [ eyt (@do + [ gautep(e)ds

Q
< (llpllzee + llglzoo)llullwr2llv]lnr2-

2. coercive:
MMM=A@®WWW+ﬂ@M@WM>MM%m

Therefore, there is a unique weak solution v € W12(Q) to the ODE (4.1).

Remark 4.4.30. To recover the existence of a strong solution, we can use the bootstrap-
ping strategy.

Supposeq € C*(Q),p(x), f(z) € C(Q). Since p(x)u’ has aweak derivative f(x)—
q(z)u(x) € L*(Q), thus p(z)u’ € HY(Q) and u € H*(Q). The Sobolev embedding

impliesu € C(§2). Then the weak derivative f(x) —q(x)u(z) € C(Q) becomes astrong
derivative and p(x)u/(z) € C1(£2). We obtain u € C?(Q).

4.5 EXxercises

# Problem 4.5.1. Let € L'(R) that ||| ;1) = 1. Show that

(L

 Problem 4.5.2. Show that

1 1 1 w
( — — .>—>5(33), R>e—0".
2mi \x —1e  x +1€e
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Then prove

1 /Ooo cos(zt)dt = 0(x).

™

# Problem 4.5.3. Find a consistent way to define the non-integer derivatives of ().

(L

# Problem 4.5.4. Suppose p(x)u”(x) = 0 forall x € R, where p is a general polyno-
mial. Find the distribution solution for w.

8 Problem 4.5.5. Prove that a distribution ¢ € D’ satisfies that £*) = 0 if and only if
{is a polynomial of degree at most k — 1.

% Problem 4.5.6. Show the Sobolev space W*2(R?) forms a Banach algebra if k > £,
that is,
[uvllwe2may < Cllullwrzgayllvllwe2ra)-
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