
Chapter 4
Differential Operators

If there is a problem you can’t solve, then there is an easier problem you can
solve: find it.

– George Pólya

T
HE study of differential equations often begins with classical notions of
differentiation and smooth functions. However, many physically mean-
ingful problems involve irregular data, singular sources, or solutions that

lack the smoothness required by classical analysis. To rigorously address such
concerns, modern mathematical analysis must extend the concept of differentia-
tion well beyond its traditional boundaries.
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4.1 Distributions

Distribution was introduced by Laurent Schwartz in 1940s. A distribution can be
viewed as an extension of a function.

4.1.1 Motivation

Let u(x) ∈ C(R) be a continuous function. The function can be uniquely deter-
mined by evaluating at each point {u(x) | x ∈ R}, which treats the function as an
ordered set or a geometric curve. If, in addition, the function u(x) is 2π-perioic,
the function can be alternatively determined by its Fourier coefficients,

u(x) =
∑
k∈Z

uke
ikx,

since the Fourier series converges pointwise at continuous points. It implies that
the set {∫ 2π

0

u(x)eikxdx

}
k∈Z

determines the periodic continuous function u(x) uniquely.
If we replace the Fourier modes with general functions ψ ∈ S, the set S is

known as test functions, and we can ask whether or not the inner product{∫
R
ψ(x)u(x)dx

}
, ψ ∈ S

can uniquely determine u(x). In particular, to make the integral valid, we may
assume S is the set of smooth functions with compact support, S = C∞

0 (R).

Lemma 4.1.1. Let u ∈ C(R), then the set of values{∫
R
ψ(x)u(x)dx

}
, ψ ∈ C∞

0 (R)

uniquely determines u.

Proof. If there are two distinct functions u1, u2 ∈ C(R) satisfying the require-
ment, then there exists an open set I ⊂ R that u1 > u2, then one can take
ψ = χ, where χ is a bump function with small compact support on I such that
〈ψ, u1 − u2〉 > 0. Contradiction.
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In fact, one can find u(x) in an explicit way.

u(x) = lim
ε→0

1

ε

∫
R
ψ

(
x− y

ε

)
u(y)dy,

whereψ is a bump function fromC∞
0 satisfying the normalization. The functions

in C∞
0 are corresponding to numbers Lψ ∈ R for some u:

Lψ =

∫
R
ψ(x)u(x)dx.

This derives the following necessary property for Lψ.

Condition 4.1.2. The numbersLψ satisfy linearity, that is,

Laψ+bϕ = aLψ + bLϕ.

If ψn ∈ C∞
0 converges to ψ ∈ C∞

0 uniformly for any derivatives and shares the
same support [−A,A] (we denote this by ψn uc−−→ ψ), then

|Lψn − Lψ| ≤
∫
[−A,A]

|ψn(x)− ψ(x)|u(x)dx→ 0.

This leads to another necessary property for Lψ.

Condition 4.1.3. Lψn → Lψ if ψn uc−−→ ψ.

However, the condition that Lψn → Lψ if ψn uc−−→ ψ does not mean there exists a
function u ∈ C(R), the other direction is correct.
Example 4.1.4. Suppose Lψnu = ψn(0), then we cannot find the continuous function
u (why?).

4.1.2 Functions to Distributions
If we do not restrict u ∈ C(R), then we wonder what Conditions 4.1.2 and 4.1.3
bring to us. Since we cannot say the existence of some function u, we call the set
` := {Lψ}, ψ ∈ C∞

0 (R), as a distribution.
Symbolically, we can view ` itself as an operator (linear functional) on ψ ∈

D = C∞
0 (R) that

`(ψ) := Lψ := 〈`(x), ψ(x)〉.
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The notation `(x) is just a symbol, not necessarily a function evaluated at x. The
distributions ` form a vector space (dual space), denoted byD′.
Example 4.1.5. The previous lemma implies thatC(R) ⊂ D′.
Example 4.1.6 (Dirac). For instance, `(ψ) = ψ(0) defines a distribution `, called Dirac
δ-function, `(x) = δ(x).
Example 4.1.7 (Heaviside). Let `(ψ) = ∫∞

0 ψ(x)dx. Then, `(x) is a step-shape func-
tion, known as the Heaviside function,

`(x) =

{
1, x > 0,

0, x < 0.

This function is not continuous, and the value of `(0) can be arbitrary.
Example 4.1.8. Similarly, `(ψ) = ψ(k) also defines a distribution, and it corresponds
to (−1)kδ(k)(x).

4.1.3 Properties of Distributions
Besides the linearity of the vector space formed by distributions, the product of a
distribution and a smooth function is still a distribution.

Definition 4.1.9. Let ` ∈ D′, and g ∈ C∞(R), the product g` (or `g) is defined
by

g`(ψ) = 〈g`, ψ〉 := 〈`, gψ〉.

Thus, g` ∈ D′.

Remark 4.1.10. However, if g itself is also a distribution too, the product of two distri-
butions is not a distribution. We cannot define this structure through the two conditions
mentioned in the last section.

Definition 4.1.11. A shift to the right by a of the distribution `(x) is denoted by
`·−a (these are just symbols)

`·−a(ψ) := 〈`(x− a), ψ(x)〉 = 〈`(x), ψ(x+ a)〉
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Definition 4.1.12. The rescaling of a distribution, denoted by `k· , is defined by

`k·(ψ) := 〈`(kx), ψ(x)〉 = 1

|k|
〈`(x), ψ(x

k
)〉.

Example 4.1.13. Recall δ(x) is the Dirac function, then

δ·−a(ψ) = ψ(a), δk·(ψ) =
1

|k|
ψ(0).

Sometimes we can see ∫∞
−∞ δ(x)dx = 1, it actually means δ(1) = 〈δ, 1〉 = 1. In fact,

the integral can be an arbitrarily small open set around the origin,∫ a

−a
δ(kx)dx =

1

|k|
, ∀a > 0.

and ∫ b

a

δ(x− c)dx =

{
1, c ∈ (a, b),

0, c /∈ (a, b).

Note that we cannot evaluate the integral above uniquely when c = a or c = b without
imposing additional rules. It means δ is applied to a discontinuous function.

Definition 4.1.14 (Convergence in distribution). Let `n ∈ D′ be a sequence of
distributions that convergeweakly to ` ∈ D′ as n→ ∞, it means

`n(ψ) → `(ψ), ∀ψ ∈ D, n→ ∞.

And we denote `n w−−→ `.

Example 4.1.15. Let `k(x) = k2 sin(kx) ∈ D′, then `k w−−→ 0.

〈`k(x), ψ(x)〉 =
∫ A

−A
k2 sin(kx)ψ(x)dx

= −k cos(kx)ψ(x)
∣∣∣∣A
−A

+

∫ A

−A
k cos(kx)ψ′(x)dx

= sin(kx)ψ′(x)

∣∣∣∣A
−A

−
∫ A

−A
sin(kx)ψ′′(x)dx

→ 0.

This is the Riemann-Lebesgue theorem.
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Example 4.1.16. Let `n(x) be

`n(x) =

{
n, x ∈ [0, 1n ],

0, x /∈ [0, 1n ].

Then `n w−−→ δ.

Example 4.1.17. Consider the principle value of 1
x , which defines the following map

p. v.
(
1

x

)
: φ→ lim

ε→0+

∫
|x|>ε

φ(x)

x
dx.

It defines a distribution onR. The integral operators

In(φ) =
∫
|x|> 1

n

φ(x)

x
dx

converges to p. v. ( 1x) in distribution.

4.1.4 Derivatives of Distributions
The derivative of a distribution is defined via integration by parts, which shifts
differentiation to the test functions.

Definition 4.1.18. Let ` be a distribution, then

`′(ψ) := 〈`′(x), ψ(x)〉 := −〈`(x), ψ′(x)〉.

It immediately follows that the derivative of any order of a distribution remains
a distribution (by induction). If ` itself is a differentiable function, then `′ is its
usual derivative.

Example 4.1.19. If ` is the Heaviside function, then `′ = δ (why?).

Lemma 4.1.20. The differentiation operator for distribution is continuous, that is,

`n
w−−→ ` implies `′n

w−−→ `′.

Proof. The term “continuity” refers to the weak topology. The theorem is easy
using the definition.
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Example 4.1.21. The finite difference scheme

ε−1(`·+ε − `)
w−−→ `′, ε→ 0.

By definition, we can easily derive the product rule for differentiation.

Lemma 4.1.22. If g ∈ C∞(R), then the product rule applies.

(g`)′ = g′`+ g`′.

Example 4.1.23. Consider (H(x) sin kxk )′′, k 6= 0, whereH(x) is theHeaviside function.

(H(x)
sin kx
k

)′ = H ′(x)
sin kx
k

+H(x) cos(kx).

SinceH ′ = δ, andH ′(x) sin kxk = 0 (why?). Then,

(H(x) cos kx)′ = H ′(x) cos kx−H(x)k sin(kx) = δ(x)−H(x)k sin(kx).

In other words, (
d2

dx2
+ k2

)(
H(x)

sin kx
k

)
= δ(x).

Remark 4.1.24. The multivariate distribution can be defined similarly, including the
partial derivatives.

4.2 Distributions of Compact Support
The previous sections have mentioned the Dirac δ-function and its derivatives. It
is straightforward to see that∫

R
δ(k)(x)φ(x)dx = 0,

if 0 /∈ suppφ. This implies that δ(k) is compactly supported (at x = 0). This raises
a question: if ` ∈ D′ is compactly supported on a point, what else can ` be?

Recall that a distribution ` satisfies the condition 4.1.3, which implies some
“continuity”, that is, if given any α, ∂αφj → ∂αφj for all x ∈ K ⊂⊂ Ω uniformly,
then

`(φj) → `(φ).

The continuity can be quantified through the following metric (not a norm).
Remark 4.2.1. Intuitively, we can assignCk(K) norm toC∞ functions with k → ∞,
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that is
‖f‖ =

∑
|α|≥0

‖∂αf‖C(K).

Each norm in the sum is a standard norm for continuous functions. However, this does not
define a norm since ‖f‖ is not always finite for f ∈ C∞ functions.

Definition 4.2.2. LetK1 ⊂ K2 ⊂ · · · be a sequence of compact subsets such that⋃
j≥1

int(Kj) = Ω.

The following function defines a metric onC∞(Ω):

dC(f, g) =
∞∑

j=1,m=1

2−j−m
‖f − g‖Kj ,m

1 + ‖f − g‖Kj ,m
,

where ‖f‖K,m = supx∈K,|α|≤m |∂αf(x)|.

Remark 4.2.3. One can show dC is indeed a metric onC∞(Ω). This induces a topology
onC∞(Ω) which allows us to define the desired “continuity”.

Theorem 4.2.4. C∞(Ω) is complete under the metric dC .

Proof. Let φk ∈ C∞(Ω) be a Cauchy sequence under dC . Then ∂αφk is a Cauchy
sequence under C(Kj) norm. Thus (since C(Kj) is complete), there exists φα ∈
C(Kj) that

∂αφj → φα ∈ C(Kj).

Thus, φα = ∂αφ0, where φ0 = limk→∞ φk, which implies φk → φ in C∞(Kj) and
let j → ∞.

Theorem 4.2.5. Let ` ∈ D′ be compactly supported onΩ. Then, there existK ,m
and a constantC (depends on `) that

|`(φ)| ≤ C‖φ‖K,m.

The smallest possiblem is called the order of `.



4.2. DISTRIBUTIONS OF COMPACT SUPPORT 87

Proof. First, we show that ` ∈ D′ can be extended to a linear functional onC∞(Ω).
LetK = supp(`) ⊂ Ω, we take χ ∈ C∞

0 (Ω) such that χ = 1 onK. Then,

`(φ) := 〈`, φ〉 = 〈`, χφ〉.

Thus ` : φ→ 〈`, χφ〉 is a linear functional for C∞(Ω).
By the continuity of `, there exists δ = δ(ε) > 0 that if dC(χφ, 0) < δ, |`(φ)| <

ε. There existsN and jN that if ‖χφ‖KN ,N < δ′ for some δ′, then

dC(χφ, 0) =
∞∑

j=1,m=1

2−j−m
‖χφ‖Kj ,m

1 + ‖χφ‖Kj ,m
< δ.

Therefore, |`(φ)| < ε whenever ‖χφ‖KN ,N < δ′, which implies

|`(φ)| ≤ ε

δ′
‖χφ‖KN ,N ≤ Cχ

ε

δ′
‖φ‖KN ,N .

Corollary 4.2.6 (Hörmander (2003)). If ` ∈ D′ is compactly supported, then `
has a finite order.

Example 4.2.7. The distribution δ(k)(x) has an order of k.

Example 4.2.8. The distribution p. v. ( 1x) has an order of 1 (why?).

The following theorem can be easily extended to high dimensions.

Theorem 4.2.9. If ` ∈ D′(R) is supported at a finite number of points, denoted by
P , then u is a finite linear combination of

`(x) =
∑
p∈P

N∑
α=0

cα,p∂
αδ(x− p).

Proof. It suffices to show for a singleton set P = {0}. Assume ` has an order ofm
and

|`(φ)| ≤ C‖φ‖K,m
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For any φ = Φ+Ψ decomposed as itsm-th Taylor polynomial and the remainder.

Ψ(x) = φ(x)−
m∑
k=0

φ(k)(0)
xk

k!︸ ︷︷ ︸
=Φ

.

We have the estimate

‖∂αΨ(x)‖C(K) ≤
1

(m+ 1− α)!
‖φ‖K,m+1|x|m+1−α.

Then take any bump function η ∈ C∞
0 (R) that equals to 1 in B0(1), we have (for

any ε > 0)

|`(Ψ)| = |〈`, η(x/ε)Ψ〉| ≤ C‖η(x/ε)Ψ‖K,m
= C sup

x∈B0(ε)

sup
|α|≤m

|∂α(η(x/ε)Ψ)|

≤ [C(η,m)‖φ‖K,m+1] · ε→ 0,

as ε → 0. Therefore, `(φ) = `(Φ). Finally, ` is uniquely determined by mononi-
mals, and `(xn) = tn means `(x) =∑m

n=0
tn
n! (−1)nδ(n)(x).

Example 4.2.10. For instance, if p(x)u = 0 for allx ∈ R, wherep(x) =∏N
j=1(x−xj)

is a polynomial with no repeated roots. Then P = {xj}Nj=1, and

u(x) =

N∑
j=1

m∑
α=0

cj,αδ
(α)(x− xj).

By testing p(x)u against (x− xj)
β (locally), we find that cj,α = 0 for all α ≥ 1. Thus,

u(x) =
N∑
j=1

cjδ(x− xj).

4.3 Green’s Functions
We consider the linear ordinary differential equation of constant coefficients

Au = 0, A =

n∑
k=0

ak
dk

dxk
.
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Definition 4.3.1. The fundamental solution of the operator A is a distribution
E(x) ∈ D′ that

AE(x) = δ(x).

The key idea of the fundamental solution is that

AE(x− y) = δ(x− y),

then (why?)

A
(∫ ∞

−∞
E(x− y)f(y)dy

)
=

∫ ∞

−∞
δ(x− y)f(y)dy = f(x).

It means E ∗ f is a solution to the ODEAu = f .
Example 4.3.2. LetA = d

dx , the fundamental solution is the Heaviside functionH(x).
We should notice that the fundamental solution is not necessarily unique.
Example 4.3.3. LetA = d2

dx2
, the fundamental solution is 1

2 |x|.

Theorem 4.3.4. Let A be an ordinary differential operator with constant coeffi-
cients,

A =

n∑
k=0

ak
dk

dxk
.

Then u(x) = H(x)φ(x) is a fundamental solution, where

Aφ = 0,
dk

dxk
φ(x)

∣∣∣∣
x=0

= 0, 0 ≤ k ≤ n− 2,
dn−1

dxn−1
φ(x)

∣∣∣∣
x=0

=
1

an
.

Proof. Amore direct approach is to use the Laplace transform (see Chapter 7). We
can check

d

dx
(Hφ) = Hφ′ +H ′φ = Hφ′,

since φ(0) = 0. This process inductively continues until
dn

dxn
(Hφ) = Hφ(n) +H ′φ(n−1) = Hφ(n) + δ

1

an
.

Green’s functions can be viewed as a specific fundamental solution subject to
some homogeneous boundary conditions.
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Definition4.3.5. LetAbe a linear differential operator. IfG is theGreen’s function,
then

AG(x, y) = δ(x− y), x, y ∈ Ω,

and BG(x, y) = 0 for x ∈ ∂Ω, where B corresponds to the boundary condition.

Then the differential equation

Au = f, Bu = 0

permits a solution u =
∫
Ω G(x, y)f(y)dy. This because

Au = A
∫
Ω

G(x, y)f(y)dy =

∫
Ω

AG(x, y)f(y)dy =

∫
Ω

δ(x− y)f(y)dy = f(x).

The boundary condition of u is automatically satisfied.

Example 4.3.6. Let A = d2

dx2
− k2, B denotes the Dirichlet boundary condition. The

domainΩ = (0, 1). Then, the Green’s function satisfies

AG(x, y) = 0, {x > y} ∪ {x < y}.

On either side, the solution can be found

G(x, y) =

{
A sinh(kx) +B cosh(kx), x < y,

C sinh(k(x− 1)) +D cosh(k(x− 1)), x > y.

Across the interface x = y, we need

1. Continuity. G(y−, y) = G(y+, y).

2. Jump. Gx(y+, y) = Gx(y−, y) + 1.

At the boundary points, we need G(±1, y) = 0. After solving the coefficients,B = D =

0, and
A sinh(ky) = C sinh(k(y − 1)),

A cosh(ky) = C cosh(k(y − 1))− 1

k
.

Thus,
A =

sinh(k(y − 1))

k sinh(k) , C =
sinh(ky)
k sinh(k) .
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The Green’s function is

G(x, y) =


sinh(k(y − 1)) sinh(kx)

k sinh(k) , x < y,

sinh(ky) sinh(k(x− 1))

k sinh(k) , x > y.

Remark 4.3.7. For a general n-th order ODE with

A =

n∑
k=0

ak(x)
dk

dxk
.

The conditions become

1. Continuity. ∂kxG(y−, y) = ∂kxG(y+, y), k = 0, 1, · · · , n− 2.

2. Jump. ∂n−1
x G(y−, y) = ∂n−1

x G(y+, y) + 1
an(y)

.

3. Boundary. BG(x, y) = 0 for x ∈ ∂Ω.

On either side of the interface x = y, the solution has n coefficients undetermined (total
2n). The continuity eliminates n − 1 of them, and the jump condition eliminates one
unknown. The homogeneous boundary conditions eliminate n unknowns.

For a general 2nd-order ODE forwhich a2 6= 0, letu1(x) andu2(x) be two solu-
tions that satisfy homogeneous boundary conditions on both sides. For instance,
if the domain is (a, b), then

Bu1(a) = Bu2(b) = 0.

Then we can write the Green’s function as

G(x, y) =

{
Au1(x)u2(y), x < y,

Bu1(y)u2(x), x > y.

The continuity condition becomesA = B. The jump condition becomes

Au′1(y)u2(y) +
1

an(y)
= Bu1(y)u

′
2(y).

Thus,A = B = (a2(y)W [u1(y), u2(y)])
−1.
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4.4 Introduction to Sobolev Spaces
Sobolev spaces are essential in differential equations, where derivatives are un-
derstood in the distributional sense. To make the argument more general, we
consider Ω ⊂ Rd as the open domain.

Definition 4.4.1. The smooth functions with compact support are denoted by

C∞
0 (Ω) := {f ∈ C∞(Ω) | supp f ⊂ V ⊂⊂ Ω}.

We useD(Ω) = C∞
0 (Ω), which is called the space of test functions.

Definition 4.4.2. If fχK ∈ L1 for any compact setK ⊂⊂ Ω, then f is locally
integrable, and denoted by f ∈ L1

loc(Ω). Similarly, we can defineLploc(Ω).

Example 4.4.3. f(x) = 1/x is locally integrable on (0, 1) (actually, locally integrable
onR− {0}). It is not globally integrable.

Definition 4.4.4. Let u ∈ L1
loc(Ω). Then vα ∈ L1

loc(Ω) is called the α-th weak
derivative of u if∫

Ω

u(x)Dαφ(x)dx = (−1)|α|
∫
Ω

vα(x)φ(x)dx, ∀φ ∈ D(Ω),

where α = (α1, · · · , αn) is a multi-index andDα = ∂α1
x1

· · · ∂αn
xn .

Remark 4.4.5. If the weak derivative vα exists, it is unique. If not, then∫
Ω

(vα1 − vα2 )φdx = 0.

Example 4.4.6. The Dirac function δ(x − x′) is not in L1
loc(Ω). Therefore, the Heavi-

side function or any discontinuous function cannot have 1st-order weak derivative. The
function σ(x) = max(x, 0) has a 1st-order weak derivative as the Heaviside function.

Lemma 4.4.7. If f ∈ Lp(Ω), then f ∈ L1
loc(Ω). In other words, Lp(Ω) ⊂

Continue on next page ⇓
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L1
loc(Ω).

Continue from last page ⇑

Proof. LetK ⊂⊂ Ω be any compact set. Then |K| <∞ (finite covering), then∫
K

|f(x)|dx ≤
(∫

K

|f(x)|pdx
)1/p(∫

K

1qdx

)1/q

≤ ‖f‖Lp |K|1/q <∞.

Next, we provide a characterization of functions inLploc(Ω) as the limit of smooth
functions. The standard approach to constructing the limiting sequence is to use
mollifiers.

Definition 4.4.8 (Mollification). Let η ∈ C∞
0 (Rd) be a bump function supported

onB0(1) such that ‖η‖L1(Rd) = 1. Suppose u ∈ L1
loc(Ω), the mollified function of

u is
uε = ηε ∗ u, x ∈ Ωε := {x ∈ Ω | dist(x, ∂Ω) > ε},

where ηε is the mollifier:
ηε(x) =

1

εd
η
(x
ε

)
.

Theorem 4.4.9 (Mollification in Lp). The following statements are true.

1. Suppose u ∈ C(Ω), then uε → u uniformly on any compact subset of Ω as
ε→ 0.

2. Suppose u ∈ Lploc(Ω), then uε → u inLploc(Ω) as ε→ 0.

Proof. For the first statement,

sup
x∈K

|uε(x)− u(x)| = sup
x∈K

∣∣∣∣∫
Bx(ε)

ηε(x− y)(u(y)− u(x))dy

∣∣∣∣
≤ sup

x∈K,y∈Bx(ε)

|u(y)− u(x)|.

Since u ∈ C(Ω), it is uniformly continuous on a compact subsetK. Thus, the RHS
converges to zero as ε→ 0.

For the second statement, given a compact subsetK ⊂⊂ Ω and δ > 0, there
exists another compact subsetK ′ ⊃⊃ K and v ∈ C(K ′) such that ‖u−v‖Lp(K′) ≤
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δ. Therefore,

‖uε − u‖Lp(K) ≤ ‖uε − vε‖Lp(K) + ‖vε − v‖Lp(K) + ‖v − u‖Lp(K)

≤ ‖uε − vε‖Lp(K) + ‖vε − v‖Lp(K) + δ.

Select ε small enough, ⋃x∈K Bx(ε) ⊂ K ′ and ‖vε − v‖Lp(K) < δ since vε → v

pointwise uniformly. The first term satisfies

‖uε − vε‖Lp(K) = ‖ηε ∗ (u− v)‖Lp(K)

=

(∫
K

∣∣∣∣∫
Bx(ε)

ηε(x− y)(u(y)− v(y))dy

∣∣∣∣p dx)1/p

≤

(∫
K

(∫
Bx(ε)

ηε(x− y)dy

)p/p′ (∫
Bx(ε)

ηε(x− y)|u(y)− v(y)|pdy
)
dx

)1/p

=

(∫
K

(∫
Bx(ε)

ηε(x− y)|u(y)− v(y)|pdy
)
dx

)1/p

≤ ‖u− v‖Lp(K′) ≤ δ.

Definition 4.4.10 (Sobolev Spaces, W k,p(Ω)). Let p ∈ [1,∞]. The Sobolev
space

W k,p(Ω) := {u ∈ L1
loc(Ω) | D

αu ∈ Lp(Ω), ∀|α| ≤ k}.

The Sobolev norm

‖u‖Wk,p(Ω) =

∑
|α|≤k

‖Dαu‖pLp(Ω)

1/p

, p ∈ [1,∞).

and
‖u‖Wk,∞(Ω = max

|α|≤k
‖Dαu‖L∞(Ω).

Example4.4.11. Suppose the functionf(x) = |x|−α ∈W 1,p(Ω), whereΩ = B0(1) ⊂
Rd. We can find that

1. f ∈ L1
loc(Ω)means ∫Ω |x|−αdx <∞. Thus α < d.

2. f ∈ Lp(Ω)means pα < d.

3. Dxif = −α|x|−α−2xi ∈ Lp(Ω)means α < d
p − 1.
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We notice that if d < p, then α < 0, which means f ∈ C(Ω). This verifies Morrey’s
inequality. We will see that in the Sobolev embedding theorems.

Theorem 4.4.12. W k,p(Ω) is a Banach space.

Proof. Let uk be a Cauchy sequence inW k,p(Ω). Therefore, each weak derivative
Dαuk is a Cauchy sequence in Lp(Ω). Since Lp(Ω) is a Banach space.

Dαuk → uα ∈ Lp(Ω).

Then, we simply show uα is the α-th weak derivative of u0, which is the limit of
uk in the Lp sense.

Let φ ∈ C∞
0 (Ω), then∫

Ω

u0Dαφdx = lim
k→∞

∫
Ω

ukD
αφdx

= (−1)|α| lim
k→∞

∫
Ω

Dαukφdx = (−1)|α|
∫
Ω

uαφdx.

Therefore, uα = Dαu0. Thus, uk → u0 inW k,p(Ω).

Corollary 4.4.13. Hk(Ω) :=W k,2(Ω) is a Hilbert space with inner product

〈u, v〉Hk =
∑
|α|≤k

〈Dαu,Dαv〉L2 .

4.4.1 Approximation By Smooth Functions
The following theorem shows that any function in the Sobolev space can be ap-
proximated by smooth functions in the interior domain.

Theorem 4.4.14 (Local Approximation). Let p ∈ [1,∞) and k ≥ 0. Suppose
u ∈W k,p(Ω). Define

uε = ηε ∗ u,

where ηε(x) = 1
εd
η
(
x
ε

)
∈ C∞

0 (B0(ε)). Then each uε ∈ C∞(Ωε) and

lim
ε→0

‖u− uε‖Wk,p(K) = 0,

Continue on next page ⇓
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for any compactK ⊂⊂ Ω.
Continue from last page ⇑

Proof. It is simple to show uε ∈ C∞(Ωε) by definition and u ∈ L1
loc(Ω).

For any compactK ⊂⊂ Ω, we choose ε > 0 thatK ⊂ Ωε. Let φ ∈ C∞
0 (K),

then ∫
K

Dαuεφdx =

∫
K

φ(x)

(∫
Ω

Dα
xηε(x− y)u(y)dy

)
dx

=

∫
K

(∫
Ω

ηε(x− y)Dαu(y)dy

)
φ(x)dx

=

∫
K

(ηε ∗Dαu)φdx.

Thus,Dαuε = ηε ∗Dαu and converges in Lploc(Ω) as ε→ 0+.

Moreover, the above theorem can be extended from the interior to the bound-
ary, which is known as theMeyers-Serrin Theorem.

Theorem 4.4.15 (Meyers-Serrin Theorem). Let p ∈ [1,∞), k ≥ 0, and Ω is
bounded. Let u ∈W k,p(Ω). Then there exists a sequence uk ∈ C∞(Ω)∩W k,p(Ω)

such that
lim
k→∞

‖uk − u‖Wk,p(Ω) = 0.

Rough idea. Choosing a sequence of layer open sets Uk = {x ∈ Ω | dist(x, ∂Ω) ∈
( 1
k+2 ,

1
k )}. For any f ∈ W k,p(Ω), decompose the function through a partition of

unity:
f =

∞∑
k=1

χUk
f.

Then, use the previous local approximation theorem on each Uk, there is a φk ∈
C∞(Uk) with an approximation error within ε

2k
in W k,p norm. Then, let φ =∑∞

k=1 φk ∈ C∞(Ω) is an approximation to f within an error of ε.

Remark 4.4.16. W k,∞(Ω) does not allow smooth approximations inW k,∞ norm. For
instance, the absolute value function is inW 1,∞((−1, 1)), its derivative is bounded but
discontinuous.

Remark 4.4.17. Historically, there have been two definitions of Sobolev spaces Adams
and Fournier (2003).W k,p is the set of functions withweak derivatives up to order k inLp.
Another definition,Hk,p, is the closure of smooth functions under theW k,p norm. Meyers-
Serrin in 1964 showed that these two definitions are equivalent without any regularity
requirement aboutΩ.
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Remark 4.4.18. If we need the smooth functions in C∞(Ω) instead of C∞(Ω) to ap-
proximateW k,p(Ω), that is, bounded derivatives of all orders, then ∂Ω needs some regu-
larity. See (Evans, 2022, Section 5.3.3).

4.4.2 Sobolev Embedding

Definition 4.4.19. A Banach spaceX is compactly embedded in another Banach
space Y if ‖f‖X ≥ C‖f‖Y for some constantC = C(X,Y ) and any f ∈ X . It is
denoted asX ↪→ Y .

In this section, we will establish some embedding results for Sobolev spaces,
that is, if X = W k,p(Ω) and Y = Wm,q(Ω), under what kind of situation(s) we
can find that ‖f‖Wk,p ≥ C‖f‖Wm,q?

It is known that f ∈W k,p(Ω) can be approximated by smooth functions. Sup-
pose we can prove the embedding inequality for smooth functions inW k,p(Ω) ∩
C∞(Ω). Does that imply f also satisfies the same inequality?

Lemma 4.4.20. Suppose

‖h‖Wk,p(Ω) ≥ C‖h‖Wm,q(Ω)

for all h ∈W k,p(Ω) ∩ C∞(Ω). Then for any f ∈W k,p(Ω),

‖f‖Wk,p(Ω) ≥ C‖f‖Wm,q(Ω).

Proof. First, we show that if f ∈ W k,p(Ω), then f ∈ Wm,q(Ω). Choose a Cauchy
sequence fj ∈W k,p(Ω)∩C∞(Ω). For any ε > 0, there existsN that j, l > N and

‖fj − fl‖Wk,p(Ω) < ε.

By the embedding inequality, it means fj is a Cauchy sequence inWm,q(Ω). Thus,
g = limj→∞ fj ∈ Wm,q(Ω). We know that ‖fj − f‖Lp → 0 means there exists
a subsequence fjn → f almost everywhere. Since g = limn→∞ fjn inWm,q(Ω),
there is a subsequence fjn,s → g almost everywhere. Thus f = g. The result is
immediately proved by noticing that

‖fj‖Wk,p(Ω) → ‖f‖Wk,p(Ω), ‖fj‖Wm,q(Ω) → ‖f‖Wm,q(Ω).

Wefirst introduce the Gagliardo-Nirenberg-Sobolev inequality. From the pre-
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vious theorem, we only need to show that the inequality holds for smooth func-
tions.

Theorem 4.4.21 (Gagliardo-Nirenberg-Sobolev). Let u ∈ C∞
0 (Rd) that 1 ≤

p < d. Then
‖u‖Lp∗ (Rd) ≤ C‖Du‖Lp(Rd).

The constant only depends on p and d and p∗ = dp
d−p > p.

Therefore, W 1,p(Rd) ↪→ Lp
∗
(Rd). We obtain the famous Poincaré inequality

(where C depends on Ω)

‖u‖L2(Ω) ≤ C‖Du‖L2(Ω), ∀u ∈W 1,2
0 (Ω).

The spaceW 1,2
0 (Ω) ⊂ W 1,2(Ω) is the closure of C∞

0 (Ω) underW 1,2(Ω) norm. If
d < p, the spaceW 1,p has more regularity and can embed into Hölder continuous
function space.

Theorem 4.4.22 (Morrey). TODO.

Example 4.4.23. TODO.
Remark4.4.24. For the critical casep = d, wefindp∗ = ∞ in theGagliardo-Nirenberg-
Sobolev inequality. However, the following example shows

f(x) = log(log(1 + 1

|x|
)) /∈ L∞(B0(1)).

But the singularity is very mild, thus

f(x) ∈W 1,p(B0(1)), p > 1.

4.4.3 Application: Sturm-Liouville Problem
Suppose Ω = (a, b) ⊂ R. Let p, q ∈ L∞(Ω) and f ∈ L2(Ω). The regular Sturm-
Liouville equation is

− d

dx

(
p(x)

d

dx
u

)
+ q(x)u(x) = f(x), (4.1)

where p(x), q(x) > α > 0 forx ∈ Ω, andwe consider the homogeneousNeumann
boundary conditions u′|∂Ω = 0. The equation can be easily extended to higher
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dimensional domain with a smooth boundary.

Definition 4.4.25. A weak solution to (4.1) is a function u ∈W 1,2(Ω) that∫
Ω

p(x)u′(x)φ′(x)dx+

∫
Ω

q(x)u(x)φ(x)dx =

∫
Ω

f(x)φ(x),

for all φ(x) ∈ C∞(Ω) ∩W 1,2(Ω) which is dense inW 1,2(Ω).

In the following, we show that a weak solution u ∈ W 1,2(Ω) exists and is unique
under certain circumstances. Let

B[u, v] =

∫
Ω

p(x)u′(x)v′(x)dx+

∫
Ω

q(x)u(x)v(x)dx,

The operator B[·, ·] : W 1,2(Ω) ×W 1,2(Ω) → R is bilinear on the Hilbert space
W 1,2(Ω). We first prove a simple version of the Riesz Representation Theorem,
which relies on the following lemma.

Lemma 4.4.26. H is a separable Hilbert space if and only if it has a countable set
of orthogonal bases.

Proof. IfH has a countable set of orthogonal bases {φi}i∈N, then{∑
i∈N

ciφi | ci ∈ Q

}

is a countable dense subset ofH.
IfH has an uncountable set of (normalized) orthogonal bases (Zorn’s lemma

guarantees the existence). Then any dense subset ofHmust be uncountable due
to theO(1) distance between the orthogonal bases.

Theorem 4.4.27 (Riesz, separable). LetA : H → R be a bounded linear func-
tional on a separable Hilbert spaceH. Then there exists a unique f ∈ H that

Ah = 〈f, h〉,

where 〈·, ·〉 is the inner product defined onH.
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Proof. Let {φi}i∈N be a set of normalized orthogonal bases that spansH. ThenA
is uniquely determined by ci := Aφi. Therefore, we have a unique f =

∑∞
i=1 ciφi.

Since 〈f, f〉 =∑∞
i=1 |ci|2 and

‖A‖2op = sup
∥h∥=1

|Ah|2 = sup∑
i∈N |ti|2=1

( ∞∑
i=1

|citi|

)2

=

∞∑
i=1

|ci|2.

We know f ∈ H.

Theorem 4.4.28 (Lax-Milgram, separable). LetH be a separableHilbert space.
Suppose the bilinear formB[·, ·] : H×H → R satisfies

1. continuous: |B[u, v]| ≤ C‖u‖H‖v‖H;
2. coercive: B[u, u] ≥ c‖u‖2H;

Then the equationB[u, v] = 〈f, v〉 has a unique solution u ∈ H.

Proof. Since |B[u, v]| ≤ C‖u‖H‖v‖H, it means B[u, ·] : H → R is a bounded lin-
ear functional. Thus, by the previous Riesz Representation Theorem, there exists
ũ ∈ H that

B[u, v] = 〈ũ, v〉, ∀v ∈ H.

The map J : u→ ũmust be linear since

〈J (a1u1 + a2u2), v〉 = B[a1u1 + a2u2, v]

= a1B[u1, v] + a2B[u2, v] = 〈a1J u1 + a2J u2, v〉.

In other words,B[u, v] = 〈J u, v〉 and by the continuity condition, ‖J ‖op ≤ C.
We first notice that J is injective by

B[u, u] = 〈J u, u〉 ≥ c‖u‖2 ⇒ ‖J u‖ ≥ c‖u‖.

and it also implies Ran(J) is closed (why?). We then show that J is subjective. If
not, ∃h ∈ H and h 6= 0 that h ⊥ Ran(J ). Thus,

c‖h‖2H ≤ B[h, h] = 〈J h, h〉 = 0.

Therefore, J −1 : H → H exists and ‖J −1‖ ≤ c−1. The solution u = J −1f is the
unique solution.

Remark 4.4.29. The separability of the Hilbert space is NOT necessary for the Riesz Rep-
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resentation Theorem or the Lax-Milgram Theorem.
Now,we shift back to the Sturm-Liouville equation. Theweak solution satisfies

the equation
B[u, v] = 〈f, v〉L2 .

Notice that the RHS is the usual L2 inner product, not the W 1,2 inner product.
However, by the Riesz Representation Theorem (W k,p is separable if 1 ≤ p <∞),
there exists a unique f̃ ∈ H :=W 1,2(Ω) that

〈f, v〉L2 = 〈f̃ , v〉H.

It remains to check ifB[u, v] satisfies the conditions in the Lax-Milgram theorem.

1. continuous: by Cauchy-Schwartz inequality

|B[u, v]| =
∣∣∣∣∫

Ω

p(x)u′(x)v′(x)dx+

∫
Ω

q(x)u(x)v(x)dx

∣∣∣∣
≤ (‖p‖L∞ + ‖q‖L∞)‖u‖W 1,2‖v‖W 1,2 .

2. coercive:

B[u, u] =

∫
Ω

(p(x)|u′(x)|2 + q(x)|u(x)|2)dx > α‖u‖2W 1,2 .

Therefore, there is a unique weak solution u ∈W 1,2(Ω) to the ODE (4.1).
Remark 4.4.30. To recover the existence of a strong solution, we can use the bootstrap-
ping strategy.

Suppose q ∈ C1(Ω), p(x), f(x) ∈ C(Ω). Sincep(x)u′ has aweakderivativef(x)−
q(x)u(x) ∈ L2(Ω), thus p(x)u′ ∈ H1(Ω) and u ∈ H2(Ω). The Sobolev embedding
impliesu ∈ C(Ω). Then theweak derivative f(x)−q(x)u(x) ∈ C(Ω) becomes a strong
derivative and p(x)u′(x) ∈ C1(Ω). We obtain u ∈ C2(Ω).

4.5 Exercises
KProblem 4.5.1. Let η ∈ L1(R) that ‖η‖L1(R) = 1. Show that

1

ε

∣∣∣η(x
ε
)
∣∣∣ w−−→ δ(x)

KProblem 4.5.2. Show that
1

2πi

(
1

x− iε
− 1

x+ iε

)
w−−→ δ(x), R 3 ε→ 0+.
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Then prove
1

π

∫ ∞

0

cos(xt)dt = δ(x).

KProblem 4.5.3. Find a consistent way to define the non-integer derivatives of δ(x).
KProblem 4.5.4. Suppose p(x)u′′(x) = 0 for all x ∈ R, where p is a general polyno-
mial. Find the distribution solution for u.
KProblem 4.5.5. Prove that a distribution ` ∈ D′ satisfies that `(k) = 0 if and only if
` is a polynomial of degree at most k − 1.
KProblem 4.5.6. Show the Sobolev spaceW k,2(Rd) forms a Banach algebra if k > d

2 ,
that is,

‖uv‖Wk,2(Rd) ≤ C‖u‖Wk,2(Rd)‖v‖Wk,2(Rd).
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