Chapter

Lightning Complex Analysis

Mathematics is the art of giving the same name to different things.

- Henri Poincaré

HIS chapter is a brief tour of basic tools from complex analysis that will
be used later. Unfortunately, you will surely miss those fascinating land-
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&5 marks, such as the Riemann sphere, conformal mappings, the Riemann
mapping theorem, elliptic functions, and Zeta functions, along with their attrac-
tive applications. If you wish to dive slightly deeper, (2010)
is a good place for a beginner’s expedition.
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0.1 Complex Numbers

The set of complex numbers C is defined in the form of 2 = x+iy wherei = \/—1
is the imaginary unit and z, y are real numbers, called real and imaginary parts,
respectively. We denote z = R(z) and y = (z). The set C is also called the
complex plane.

Definition 0.1.1. Let z = x + iy, then x — iy is called the complex conjugate of
z, denoted as 7, and | 2| = (2% + y?)'/* is the modulus of ».

It is fairly simple to verify R(z) = 1(z + 2), S(2) = 1(z — 2), |2]* = 27,
and the complex conjugate commutes with basic operations, e.g., z + w = Z +

Y,
B

Zw =% w,and z/w = Z/w.

Another representation of complex numbers borrows from the polar coordi-
nates in two dimensions. A complex number z = z+iy = r(cos ¢+i sin ¢), where
r = |z| is the modulus and ¢ is called the argument. If z = r(cos ¢ + i sin ¢) and
w = p(cos ) + isin), then if zw = a(cos f + isin ), then

zw = rp(cos ¢ + isin¢)(cos + isiny)
= rp(cos(¢ + 1) + isin(¢ + v)),

which implies that we can choose a = rpand § = ¢ + ¢ + 2kn for any k € Z. To
eliminate such an ambiguity, we define the principal argument of z, denoted by
arg(z) € [0, 2m). The set of all arguments is denoted by

Argz = {argz + 2kw | k € Z}.

If we regard the principal argument arg z as a function for = € C — {0} with
a range in [0, 27) or (—m, 7], then we find this function is discontinuous on the
half-line (0, 00) or (—o0, 0). The latter one is preferred because it ensures conti-
nuity on the real axis, especially when dealing with complex logarithms. See the
example below.

Example 0.1.2. A more elegant representation of a complex number a + bi is the matrix

form {Z _aﬂ . For instance, the product and quotient of two complex numbers follow

I s o
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and .
a —bl|lec —d 1 ac+bd ad— bc
b al|l|ld ¢ 2 4+d? |bc—ad ac+bd|
Example 0.1.3 (De Moivre’s formula). The complex number cos ¢ + i sin ¢ is often

represented by €'®. Since the exponential function’s Taylor expansion converges abso-
lutely

i = L why? = (—1)F o= (=1)F
e¢:;k!(@¢>)k y g o5 ¢2k+z§) (2k;+1)!¢2k+1
= cos(¢) + isin(¢).

Example 0.1.4. The unit disk D(0, 1) consists of complex numbers that |z| < 1. We
introduce a few common transformations.

142z

1—2°

1. Transformation g(z) =

It is a Mobius transformation in the form of Z‘Isz, which preserves angles, and

maps every straight line to a line or circle, and maps every circle to a line or circle.

1
1-z

Indeed, the transformation maps the disk’s boundary z = € to a line:

1 _1—cos€+isin9_1 7 sin6

1
1—eif 2 — 2cosf _§+§1—0059_{Z’§R(2)_§}'

L bijiectively maps the disk to {R(z) > 1}.
Therefore, the transform g(z) = 122 = —1 + % bijectively maps the disk to

{R(z) > 0}, i.e., the right half-plane.

and maps the origin to z = 1. Thus,

2. Transformation h(z) = log g(z). It is known w = g(z) belongs to the right half-
plane, we can write w = |w|e'¥, that 1) € (—7/2,7/2). Then

h(z) = logw = log |w| + i) = {z | _g < S < g}_

Therefore, h bijectively maps the disk to a strip.

0.2 Calculus of Complex Variables

We can extend undergraduate calculus from R to C. Let f : C — C be a complex-
valued function (assume this function is single-valued). Then, we can first define
the “limit” as usual.
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Definition 0.2.1. Givenany ¢ > 0, there exists 6 > 0 such that | f(z) — A| for all
|z —a| <9 (z#a). Thenlim,_,, f(z) = A. If f(a) = A, then it implies f(z) is
continuous at z = a.

0.2.1 Differentiation

Most basic concepts can be extended naturally as if we were on a two-dimensional
plane. For “differentiation”, it is straightforward to consider the following limit

lim f(z+h) *f(z)‘

|h|—=0 h

If such a limit exists and is equal for all limiting processes h — 0 on the complex
plane, then f is differentiable at z, and the limit is denoted by f/(z).

Definition 0.2.2. If f(z) is differentiable on D C C, then f(z) is called analytic
or holomorphic on D.

Let f(z) = u(z) + iv(z) = u(z,y) + iv(z,y), then f is differentiable at =
implies two path limits

u(z + h,y) +iv(x + h,y) — (u(z,y) +iv(z,y))

lim = Oyu + 10,V
R3h—0 h
and
hm U(.Z', Yy + h) + Z’U(Z‘, Yy +h) - (U(Iﬁ,y) + 'LU(.I‘, y)) — —Zay’LL + ayv.
R>h—0 ih

This means we must have
Uy = Vy, Uy = —Vy.

This equation is called the Cauchy-Riemann equation. Of course, holding this
equation at z is only a necessary condition to make f differentiable at z.

Example 0.2.3 (Cauchy-Riemann at a point). Ifwetake f(2) = f(x+iy) = \/|zy|,
then f satisfies the Cauchy-Riemann equation at z = 0 while the differential f’(z) does
not exist.

The following theorem implies that « and v must be differentiable in D, as
well.
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Theorem 0.2.4. If f(z) = u+iv satisfies that u, v are continuously differentiable
functions in D and satisfy the Cauchy-Riemann equation, then f is holomorphic in
D.

Proof. By checking the definition, let h = a + bi,

u(z+a,y+0b)+iv(r+a,y+0b) — (u(z,y) + wv(x,y))

lim -
a2+b20 a+bi
_ hrn aux(x,y)—l—buy(x,y)—i—zavx(m,y)+vay(x,y)+0(|h|)

a2+b2-0 a—+ bi

1
= Uy + 1V, = i(u,,; +ivy,) — é(uy +ivy).

Therefore, we introduce two important operators:
1 , 1 .
8225(8x—18y), 8;:5(@4—@81,).

These can be derived from the chain rule. With the operator 05, we can define
holomorphic functions by 9z f = 0 and the complex derivative of f is 0, f.

Example 0.2.5. When f and g are holomorphic in D, the differentiation rule of the prod-
uct fg (and the quotient f /g, resp.) is the same as that of a real variable.

Remark 0.2.6. If 0, f is also holomorphic (it is true by the Cauchy Integral Formula; for
now, we daccept that), then u and v are both continuously twice differentiable such that
92u = Bpyv = —2u. It imples u (v as well) should satisfy the Laplace equation

Au=0, A:= 83—1—05,
and we say u is a harmonic function. It is straightforward to verify that

A = 40,05 = 4050,.

0.2.2 Path Integration

Let 7 be a piecewise differentiable arc on C described by z = h(t),t € [«, 3]. Then
the path integration of a complex valued function f(z) = u(z) + iv(z) on~y can
be written as

B
/ f(2)dz = / F(h(t)R (t)dt.
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This integral is independent of the arc variable by the chain rule. Similar to the
path integrals of real functions, we can define the reversed path integral

/_7 F(2)dz = —/yf(z)dz.

And if y consists of a finite number of parts, thatis,y = > " | v;, then

/f(z)dz = Z f(2)dz.
Y i=1 Y

The path integral for real variables is connected to Green’s theorem when the
path ~ is a simple closed curve (oriented counterclockwise, see Figure 1). The

~

Figure 1: Simple closed path ~.

corresponding version for complex variables can be similarly established. It can
be written in a much simpler form with exterior calculus, see
( ). Assuming that f is continuously differentiable, then

j{f(z)dz = %(u(m,y) +iv(x,y))(dx + idy)
= %u(m, y)dx — v(x,y)dy + i ?{ u(z,y)dy + v(z,y)dz

- //D(—Ozv — Oyu)dxdy + i /]D(ux — vy)dzdy

=i / /D (9, +10,) f (2)dzdy = 2i / /D 8- f(2)dzdy.

Here, we do not require f to be holomorphic.

(1)

Remark 0.2.7. Once f is holomorphic in D (surrounded by a simple closed path ~y), then
using the Cauchy-Riemann equation, the path integral of f(z) on v must equal zero!
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0.2.3 Complex Series
The theory of real series can be generalized to complex series without much effort.

The following definitions are standard.

Definition 0.2.8. A sequence of functions { f,,(z)} converges uniformly to f(z)
onaset E C Cifforanye > 0, there exists a positive integer ng such that

[fn(z) = f(2)] <e

foralln > ngandall z € E.

Definition 0.2.9 (Cauchy Sequence). A sequence of functions { f,,(z)} converges
uniformly on aset E C C if and only if for any € > 0, there exists a positive integer
ng such that

’fm_fn| <e¢

forallm,n > ngandall z € E.

The following Weierstrass M-test is a universal tool in analysis. It can be easily
proved using the Cauchy sequence, so we skip the proof.

Theorem 0.2.10 (Weierstrass M-test). Suppose that

fi(z) + fa(2) 4+ 4 fulz) + -+

is a series of functions defined onaset E C C,and My + My + M3+ ---  isa
series of positive numbers. If there exist a positive integer ngy and a constant M > 0
such that f,(z) < M, forn > ngandall z € E, then the series > - | fn(2)
converges uniformly on E if the series y - | M, converges.

The power series is the most common in literature. The following Abel’s the-
orem is more or less the same as the real-valued one.

Theorem 0.2.11 (Abel). For the power series y -, a, 2", there exists a number
R,0 < R < oo, called the radius of convergence, with the following properties:

Continue on next page |
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Continue from last page 1}
1. For any z satisfying |z| < R, the series is absolutely convergent. The series is
uniformly convergent on |z| < p, where 0 < p < R.

2. If zsatisfies |z| > R, then the terms of the series are unbounded and the series
is divergent.

3. The sum of the series is a holomorphic function in the disk |z| < R. The
derivative of the sum can be obtained by term-wise differentiation, and the
resulting series has the same radius of convergence.

The closed disk |z| < R is called the disk of convergence. The series is not
necessarily convergent or divergent on the boundary of this disk. The radius of
convergence R can be determined by Hadamard’s formula

1

lim,,_,, sup {/|a,|

If R = 0, then the power series is divergent except at z = 0; If R = oo, then
the power series is convergent everywhere.

R

Proof. (i). If |z| < R, we can find a p with |z| < p < R. It follows that 1/p > 1/R.
By definition of the radius, there exists an ny such that |an|% <1/por|a,| <1/p"
for all n > ng. Therefore, |a,z"| < (|z|/p)" for n > ng. Since Y~ (|z|/p)™
is convergent for |z| < p, by the Weierstrass M-test, >~ a,,2" is absolutely
convergent.

To show that the series is uniformly convergent when |z| < p < R, we choose
ap and ann; such that p < p’ < Rand |a,z"| < (p/p')", for n > ny. The power
series is uniformly convergent on |z| < p by the Weierstrass M-test.

(ii). If |z] > R, we can find a p with R < p < |z|. Since 1/p < 1/R, there
exists an ny and a subsequence {m;} such that |a,,, Y™ > 1/por |am, | > 1/p™
for m; > ny. Therefore, |a,z"| > (|z|/p)" for infinitely many n, and the terms of
the series are unbounded.

(iii). Noticing that the radius of convergence does not change for the deriva-
tive series, because lim,,_, . n'/™ = 1. d

0.3 Contour Integrals

The theory of contour integral is built upon the following Cauchy Integral Formula.
However, the original form developed by Cauchy assumes that the derivative of f
is continuous (Green’s theorem holds). However, the Cauchy-Riemann equation
does not imply the continuity, only the existence!
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0.3.1 Cauchy’s Integral

Cauchy’s integral is one of the most powerful tools in complex analysis. We first
introduce a definition about connectedness, which will be used later.

Definition 0.3.1. Anopenset U is “connected” if it cannot be written as a disjoint
union of two open sets U = Uy U Us.

A direct consequence of connectedness is that if a subset S C U is open and
closed, then either S = or S = U.

Theorem 0.3.2 (Cauchy Integral Formula). Let U C C be a bounded open con-
nected set with C'* boundary. Let f be holomorphicon U and f € C*(U), then

0= ¢ TP

C2mi Joy 2 —¢C

Proof. Let D¢ . C U be a small disc centered at z with a radius of €. The function
HOFN holomorphic on U\ D, ., then by the Green’s theorem from (1),

z—C
OP ), _
d 7{9 d 0.

ouz—¢ D(ce) Z— €

The above equality does not depend on . On the small circle 9D, ., the path in-
tegral is

27 16 2m
7{ 1@ g - ﬂL;e)iSe”dG =i | f(C+ee)d) = 2mif (C).
8D<75 z — C; 0 e 0

O

By taking f(z) as (z — ¢) f(z) into the Cauchy Integral Formula (f is holomor-
phic), we immediately recover Green’s theorem.

Theorem 0.3.3 (Cauchy Integral Theorem). Let U C C be a bounded open con-
nected set with C* boundary. If f € C'*(U) is holomorphic, then

f(z)dz=0.
ouU
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When f is not holomorphic, the Cauchy integral formula becomes Pompieu’s for-
mula, which has an additional term from (1),

f(¢) = L () dz — 1/ %(Z)d:vdy.

_27TZ aUZ—C s UZ—C

0.3.2 Cauchy-Goursat Theorem

It was later shown by Goursat (and others) that the condition that f € C*(U) can
bereplaced by f € C(U). For the fascinating history behind the theorem, see

(2017).

Theorem 0.3.4 (Cauchy-Goursat Formula). Suppose U C C is a bounded, open,
connected set and OU is a simple closed curve. If f is holomorphic on U and contin-
uous on U, then

0= d 1B

T2 Jay 2 —C

Theorem 0.3.5 (Cauchy-Goursat Theorem). Suppose U C C is a bounded open
connected set and OU is a simple closed curve. If f is holomorphic on U and contin-
uous on U, then

f(z)dz = 0.
au

The proof relies on the observation that the inscribing polygon can effectively ap-
proximate any curve. That is, given any ¢ > 0, there exists an inscribing polygon
' of U (see Figure 2).

<e.

f(z)dz— ¢ [f(z)dz
ou ar

For any polygon (maybe nonconvex), it can be decomposed into disjoint triangles
N, i=1,2,--- N, seeFigure 3. The integral on OI" can be written as

N
dz = d
ar flz)dz ; AN flz)dz,

because the integrals on the interior edges are cancelled. Therefore, we only have
to prove that Theorem 0.3.5 holds for a triangle, and then by linearity, the theorem
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Figure 2: Inscribing polygon path of a closed curve.

O

Figure 3: Illustration of triangulation.

holds for any polygon.

Proof. Suppose the Theorem 0.3.5 does not hold for a certain triangle A, let

M = (2)dz| > 0.

oA

Then we bisect the triangle into four identical smaller triangles Ay, Ao, Ag, /4.

Thus
G flaydz = (%ml " %MQ " jémg - fg&l) flz)dz

There exists at least one smaller triangle /\;, (denoted by A()) that

Repeating this process, we find a chain of triangles: A0 5> A 5 ... 5 A() 5

.., and
7{ f(2)dz
AN(n)

Then, the circumstance of A(™ is 27", where L = |0A()|. Takingn — oo, there

M
qn’
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exists a point zy € A for all n € N. Because f(z) is holomorphic (complex-
differentiable), there exists § = d(¢) that

fz) = f(z0)

— f’(zo)‘ <e, V]z—z]|<d.
Z— 20

Therefore, for sufficiently large n that A™ C D(z, ),

f f(2)dz = f (F(2) = F(z0) — (2 — 20)f'(20))dz
9N (1) AN ()

< é | Id2| < L L L?
g Z — Z z E—— =&E——.
An) 0 2m 2n 4"

Here, we have used |z — 2| < |9A )| (prove it). Therefore, we conclude M < ¢L?
for any € > 0, forcing M = 0. O

Remark 0.3.6. Asimilaridea can be used to prove a simplified version of Sard’s theorem.
See a proofin ( g , Chapter 3, page 16-19).

0.3.3 Taylor Series

The most critical consequence of Goursat’s result is that if f is complex differen-
tiable and continuous, then f is infinitely complex differentiable.

Theorem 0.3.7 (Taylor Series). Suppose U C C is a bounded open connected set
and OU is a simple closed curve. If f is holomorphic on U and continuous on U, then

n ! f
0 = g, G G

If zg € U, then f(() has the Taylor expansion on the disk D(zy,7) C U,
- 1
f(Q) = ;ak(C —z0)", ar= mf(k)(z()%

which converges absolutely and uniformly.

Proof Sketch. We only focus on the induction step n — n + 1. Therefore,

FQ) — S (@) _ mt ()
¢—Co 2w l{)U f(z)C — G \ (=0T (2= ()t dz.
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and apply the following estimate (prove it).

1 1 B 1 B (n+ 1) -
¢ —Co ((Z -t (2 - Co)"“) (2 - G2 + O([¢ = Col)-

Then, taking { — ¢, completes the induction step. The Taylor expansion follows
the observation that

IR | 11 i ¢—2\"
2—( z—z91— =0 —\z— 2

Z—20

converges absolutely. Then apply the Cauchy Integral Formula, then commute
integral and summation (why?).

50 = 5 o b > At

2mi z—C (z —z
au U =g 0)

=3 (o, w2t e

Corollary 0.3.8 (Liouville’s Theorem). If f(z) is holomorphic and bounded on
the entire C, then f is a constant.

Proof. Let M be the bound for f and z; € Cbe an arbitrary complex number. Take
alarge disk D(zy, R) C C, the derivative

ooy L f(2)
f'(20) = Gy ng(zo,R) 7(2 — ZO)de.

The magnitude is bounded by

M —0
7 .

1 M R—o0
’fI(ZO)\Sg 2‘27TR:§

Therefore, f'(z) = 0 everywhere. O
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Corollary 0.3.9 (Morera Theorem). If f is continuous on U such that for any
simple closed curve C contained in U,

if@ﬂzza

then f is holomorphic on U.

Proof. Choose any zy € U and define F'(z) by the path integral along a simple
curve connecting z, and z

sz/wfww

The integral is path independent, and F'(z) = f(z). Therefore, F' is holomorphic
and by Theorem 0.3.7, all its derivatives are holomorphic. O

Remark 0.3.10. The requirement of “any simple closed curve” can be further narrowed
down to specific shapes. See exercise (% ).

0.3.4 Zeros of Holomorphic Functions

Let f be a holomorphic function on U C C. A point 2 is called a zero or aroot of f
if f(z0) = 0. A quick corollary from the Corollary 0.3.8 (Liouville theorem) shows
that

Corollary 0.3.11 (Existence of Zeros). Let p(z) = ag + a1z + - - - + @, 2™ be
a nonconsant polynomial. Then p(z) has at least one root.

Proof. Prove by contradiction. If not, then ﬁz) is holomorphic on C. If the poly-
nomial is not a constant, then |p(z)| — oo as |z| — oo, which makes ﬁ bounded
on C. Then, by Liouville’s theorem, p(z) must be a constant. O

When the polynomial p(z) has a root zy, one can rewrite the polynomial as

p(z) = (z = 20)a(z), a(z) =bi+ -+ bz — 20)" ",

where ¢(z) is a non-constant polynomial of degree m — 1, then an induction ar-
gument immediately implies the following theorem.
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Theorem 0.3.12 (Fundamental Theorem of Algebra). A polynomial p(z) of de-
gree m has exactly m roots. If these roots are denoted by z1, - - - , z,, then

p(2) =am(z —21) - (2 — zm).
Proof. The proof is left as an exercise (& ). O

In general, the behavior of a holomorphic function around a root can be char-
acterized by the following theorem 0.3.14. Before proving the theorem, we first
prove a preparation lemma.

Lemma 0.3.13. If f is holomorphic in an open connected set U C C, and vanishes
on a sequence of distinct points with an accumulating pointin U. Then f = 0 around
the accumulating point.

Proof. Suppose z,, — z*inU and f(z,,) = 0, thenby continuity f(z*) = 0. Inside
a small disk D(z*, r), the Taylor series

f(z)= ch(z — 2Nk,
k=0

If f is not identically zero near z*, then there exists a smallest integer n > 0 that
cn # 0,and
f(2) =cn(z —2")" [L + g(z — 27)],

where g(z — 2*) — 0 as z — z*. Therefore, taking z, sufficiently close to z*, we
must have f(z,,) # 0, contradiction! O

Theorem 0.3.14. If f is holomorphic in an open connected set U C C, has a zero
at zo, and does not vanish identically in U. Then there exists a disk D(zy,7) C U,
a holomorphic function g that g(zo) # 0, and a unique positive integer n such that

f(z) =(z2—20)"g(2), Vz € D(zp,r).
Proof. Around the root z(, the Taylor series is written as

F2) = ar(z — 2)*
k=0
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First, we show f is not identically near zj. Otherwise, consider the interior of the
set S = {2z € U | f(z) = 0}. It is nonempty and open by definition, and it is
closed by the above Lemma 0.3.13. Hence, S = U using connectedness.

Then, there exists a smallest integer n > 0 that a,, # 0, and
f(z) = (2= 20)" [an + an1(z — 20) + -] = (2 = 20)"9(2).
By continuity, g(z) # 0 in a small neighborhood of z(, which means the roots are

isolated. O

Remark 0.3.15. A direct consequence of the above theorem is that the roots of a nonzero
holomorphic function cannot have accumulating points (but can be infinitely many).

The integer n is called the multiplicity of the root. Observe that

f'(z) _ nlz = 20)""g(2) + (2 — 20)"'(2) n_ . 9

(2) (= — 20)"9(=) RO

Taking a simple closed curve v C U that g does not vanish on ~. The function
[’/ f is holomorphic in the interior of - after removing the small disks around the
roots inside (denoted by 21, - - - , z,,, with multiplicities ny, - - - , n,,, respectively).
Therefore,

1 [ f(2), <1 i 9@\, N~
i LT 5w (2 55) == 2.

This is summarized in the following Argument Principle without considering
poles.

Theorem 0.3.16 (Argument Principle). Let f be a holomorphic function in an
open connected set U C C. v C U is a simple closed curve. If f # 0 on ~, then the
number of roots (count multiplicity) in the interior of 7y is 7= fv ]}((ZZ)) dz.

Theorem 0.3.17 (Rouché Theorem). If f and g are holomorphicon U C C, and
~y is a simple closed curve that lies inside U such that

1£(2) = 9(2)| < |f(2)]

forall z € ~, then f and g have the same number of zeros enclosed by .
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Proof Sketch. The idea is to show (by the Argument Principle),

9'(2) f’(Z)) why? / (9/f)
L <g<z> i) LD
Because |g/f — 1| < 11is given, it means the function g/ f is not winding around

the origin or passing through, and the equality holds by the Cauchy Integral For-
mula. -

Example 0.3.18. For any polynomial p,(z) = ag + a1z + -+ - a,2", a, # 0, we can
choose q(z) = a,,z", then

Pa(2) = a(2)] = lag + -+ + an12" 7 < [anz"|

when |z| is sufficiently large. Therefore, the polynomial p,, has the same number of roots
(multiplicity counted) as a,,z", which is n.

Remark 0.3.19. For readers with a background in probability, the study of zeros of a
random complex polynomial is a longstanding topic. For instance, the expected number of
real roots of a random polynomial of degree n is roughly 2 log n, see

(1995) and the earlier references therein.

0.3.5 Maximum Modulus Principle & Schwartz Lemma

Another important consequence of the Cauchy Integral Formula is the Maximum
Modulus Principle, which is a useful tool.

Theorem 0.3.20 (Maximum Modulus Principle). If f is holomorphic in an open
connected set U C C and there exists zy € U that | f(z9)| > |f(2)|forall z € U,
then f is a constant.

Proof. Without loss of generality, we can multiply a complex number of modulus
one to make f(z9) = |f(z0)]. Let S = {z € U | f(2) = f(20)}, then S # () since
29 € S. Since f is continuous on U, S is a closed set (why?).

Based on the above discussion, if w € S, there is a small disk D(w,r) C U.
The Cauchy integral formula shows that for any 0 < ' < r,

1 f(z) 1 2m f(w_i_r/ezﬁ). )0
= — dz = — —————=ir'e"df
f(w) 270 Jop(wyy Z — W 7 omi 0 e C
1 o /10
= — flw+r'e”)do,

2 Jo
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which implies that

1 2 L i 1 2w ) i
=g [ stws et < L [T s e
Recall that f(w) > |f(z)| for all z € U, the equality holds and
fw) = |f(w)| = flw+r'e?), V('.0) € (0,r) x [0,27).

Therefore, S is an open set since a small open disk D(w,r) C S. Because S is
a nonempty, open, and closed subset of a simply connected set U, we must have
S=U. O

The maximum principle only uses the mean-value property. It means harmonic
function also has the maximum modulus principle (consider the real/imaginary
part of f). A very powerful corollary of this principle is the Schwartz Lemma.

Theorem 0.3.21 (Schwartz Lemma). If f is holomorphic that maps the unit disk
D(0,1) toitselfand f(0) = 0, then

[f(l <zl (0 < 1.

The equalities hold when f(z) = €%z for some § € R.

Proof idea. The idea is to consider the holomorphic function G(z) = f(2)/z, since
f(0) = 0, we can assign G(0) = f’(0). By maximum modulus principle, on
D(0,1 —¢),

max;|—1 | f(2)| 1

1-¢ 1-¢

Note that it is strictly less than, since f cannot achieve its maximum inside the
unit disk. Let ¢ — 0, we get |G(2)| < 1for z € D(0,1), thatis, |f(z)| < |z| and
|f/(0)| < 1. The equality holds when G(z) is a constant of modulus one. O

G(2)] <

0.4 Laurent Series

The major difference between real series and complex series is the Laurent series.
This section mainly follows Weierstrass’ theory.

0.4.1 Weierstrass Theories

The Weierstrass Theorem is a profound result in complex analysis.



0.4. LAURENT SERIES 21

Theorem 0.4.1 (Weierstrass Theorem). Let {f,,(z)} be a sequence of holomor-
phic functions in an open connected set U C C. Ifthe seriesy . | f,(z) converges
uniformly to f(z) on every compact subset of U, then f is holomorphic on U. More-
over, forallk € N,

DS =
n=1

uniformly on every compact subset of U.

Proof Sketch. > ", f, uniformly converges to f, then on any simple closed curve

ycUu,
N N
/f@MZ=t/<ZNM@—f®0dzS/ﬁiyu@—f@)mﬁﬁﬁo.
Therefore,

Lf@ﬂz:a

By Morera Theorem (Corollary 0.3.9), f is holomorphic on U. The uniform con-
vergence of derivatives comes from the Taylor series (Theorem 0.3.7),

z

N
> ) - f('“)(C)‘ =

L >ont Fa(2) = ()
2m /e)D(g,r) (z — Q)M I

SN fal2) = £y
< k! sup >0

z€dD(¢,r) rk

O

The Laurent series is an extension of the Taylor series with poles. Let zy € C
and c,, € C, n € Z, a series of the form

o0

Z cn(z —29)" = Z cn(z —20)" + Z C_n(z—29)7"
n=0 n=1

n=—oo

holomorphic part principal part

is called Laurent series at zy. The series distinguishes itself from the Taylor series
in the second part (called principal part) by including negative exponents. If both
parts converge at a point z, then we say the Laurent series is convergent at z.

If the first part converges in |z — 29| < R, it will converge absolutely (The-
orem 0.3.7) and uniformly on every compact subset. Therefore, the first part is
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holomorphic (Theorem 0.4.1).
For the second part, let { = 1/(z — 2p), it becomes

o0 o
Zc_n(z —2z9) "= Zc_n{’”.
n=1 n=1

If the radius of convergence of the series is A > 0, then it converges absolutely
in || < A and uniformly on every compact subset, making it holomorphic in the
disk as well. Thus, the Laurent series is holomorphic on A™! < |z — 25| < R once
R > X!, This region is called the annulus of convergence. If \=! > R, the Laurent
series diverges everywhere. If \™! = R, the series diverges everywhere except on
|z — 29| = R. However, it does not mean the series converges everywhere on the
circle.

Example 0.4.2. The series
Z z
n=—o00,n#0 |n|

converges everywhere on |z| = 1 except at z = 1 (prove it with the Dirichlet Test).

An analogue of the Taylor series argument exists for the Laurent series, by
considering the two parts separately. We omit the proof here.

Theorem 0.4.3. If f is holomorphic on the annulus r < |z — zy| < R, then

@)=Y en(z—2)"
where . 12
z
= —— ———=—dz, r<p<R.
278 | zg)=p (2 — 20)" ! 2

Moreover, it also implies the Laurent series of f is unique.

0.4.2 Isolated Singularity

If a function f is holomorphic on D(zy, R) — {z0}, that is, a punctured disk, the
point zj is called isolated singularity. If z is an isolated singularity, then the
Laurent series

o0

f)= Y eulz—z)"

n=—oo
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isvalid on 0 < |z — 29| < R and the coefficients

1
Cp = / 7]0('2) +1dZ.
278 [ p(zg,p) (2 — 20)"

Regarding the behavior of lim,_,,, f(z), there are only two cases.

1. lim,_,,, f(z) exists and is finite. Then consider the function F'(z) = (z —
20)%f(z), we find that F(z) is holomorphic on D(zy, R). Because of the
finiteness of f around 2,

lim Fz) = Fzo) = lim F(z) = lim (z — 2z) f(2) = 0.

zZ—20 Z— 20 2720 Z — 20 2= 20

Thus F' is holomorphic, and the Taylor series is
F(2) =040 (2 —2) +as(z — 2)* +as(z — 2)* + -

Therefore, % = ay + asz(z — z9) + --- is the continuation of f to
D(zp, R), which does not contain the principal part. In this case, the singu-

larity is called a removable singularity.

2. Iflim,,,, f(z) = oo (the limit exists), then consider F'(z) = 1/ f(z) which
is holomorphicin0 < |z—zy| < R, sincelim,_,,, F'(z) = 0, itis aremovable
singularity for F, thus F'(z) = (z — 29)™G(z) that G(zy) # 0. Locally, the
Taylor series of  is

1
G =bo+bi(2 —20) +---, bo#O0.
Therefore,
1
&)= e
bo by
= + 4t b by (2 —20) + -

(z—2z0)™ (22— z)m !

It shows that the Laurent series’s principal part can only have a finite num-
ber of nonzero terms. The singularity z, is also called a pole of order m. If
m = 1, it is called a simple pole.

It remains another situation that the limit does not exist, which corresponds to
there being infinitely many nonzero terms in the principal part; this case is called
essential singularity. The behavior of f around an essential singularity is more com-
plicated.
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Example 0.4.4. f(z) = e'/* has an essential singularity at = = 0. The limit does not
exist at z = O sincelim,_,o+ f(2) = coand lim,_,4- f(z) = 0.

0.4.3 Residue Theorem

Let f be a holomorphic function on D(zg,r) — {zo} that z; is an isolated singu-
larity of f. The residue of f at zj is defined by

1
27m,/zzozp f(z)dz.

where 0 < p < r. If f has its Laurent series as > .-~ __¢,(z — 29)", then the
residue is c_;.

Res(f, ZO) -

Theorem 0.4.5 (Residue). Suppose that f is holomorphic on an open connected
setU — {z,--+ ,z,} and is continuouson U — {z1,- -+ , 2, }. Then

f(z)dz = 2mi i Res(f, zx).
k=1

ou

The proof is simple by the Cauchy Integral Theorem 0.3.3, so omitted here. This
theorem is helpful when dealing with definite integrals for which an antideriva-
tive is not available. The core technique is calculating the definite integral along
a suitable choice of contour paths.

Example 0.4.6. We evaluate the following integral

/OO dx
oo L+ 2%

Consider the function f(z) = ; +122 . This function is holomorphic except for simple poles

at £i. We choose the contour shown in Figure 4. Then

[ #) = omives(riy =omi- & ==
r 21

TR

w7 > 0asR — oo

It remains to verify that the integral on the arc is bounded by
(prove it). The same contour can be used to calculate

> dx —
/OO Pa) 2mZRes(P, 2k),

k=1
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&

R
—R R

Figure 4: Contour on half circle.

where the polynomial P is strictly positive and deg(P) > 2, {z }_, is the set of roots in
the upper half plane. For instance, if P(z) = (1 + 2?)"*1, 2 = i is a root of multiplicity
n + 1, then the residue is

1 d" [ (z—d)"H 1 dn 1 2n! 1

— | = — —_ = —f—— .

nldz® \ (1+22)"t )| nldz" (2 +4)"HH nln! 22n+1
Then the integral is 22%5,—2',

Example 0.4.7. Another example is the Dirichlet integral
/ > sinx
e T

Choosing f(z) = % (why not ©--2), then the contour is almost the same as the previous

z
one (see Figure 5) with a small contour around z = 0, since it is a pole of order 1.

R

YR

Y N T

—R -r T R

Figure 5: Contour on half circle.
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—r R eiz
</ +/ +/ +/>dz=o.
-R T TR T z
Estimating the interals on yr should be careful since fm % is not converging to zero as

R — oo ‘ R(cos4isind)
el® ™ el cos 0+ sin ] )
/ dz:/ - iRe"dp
TR 0

Then

z Ret?

™
:i/ echosG—RsmGdQ.
0

The magnitude is bounded by (since 26 > sinf > 6 on (0, %))

T ) /2 . /2
/ e fsinfqp — 2/ e fsinfqp < 2/ e R4 = (1 — e By B2y,
0 0 0 2R

The integral on -, is (clockwise)
eiz (U . 0
dz-z'/ ezrcosefrsmede = —iT.
s

'Yv"z

Thus, by taking the imaginary part,

Example 0.4.8. Evaluate

/ sin(z")dx.
0

If we take the upper half circle as the contour, with f(z) = e'*", the integral on the arc
will be difficult to bound because 3(z") is not always positive n. > 2. Therefore, we need
to restrict to a sector {0 < arg z < g} (see Figure 6).

R

II

R
-R I R

Figure 6: Contour path around a sector.
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Then the integral becomes

(/I—F/H)f(z)dz:o.

That is,

/ €mnd$:/ eiaz"e”/Qeiﬂ/Qndw

0 0

. e n . 1
:ezﬂ'/Qn/ e % dm:em/2nl—\(n+ )
0 n
The integral
& n & 1 1 1.1 1
Ny = —u)—u"mwdu = —I'(=) =T(1+ —).
/0 e x /0 exp( u)nu u= <n> ( —i—n)

Therefore, the final result is I'(":1) sin( - ). It also shows that the integral decays like
5, as n approaches infinity.

Remark 0.4.9. The idea of the above example is the same as the steepest descent idea
for asymptotic approximation. For instance, if we need to estimate a contour integral for
large A > 0:

/ f(2)eMP)dz
gl

The key idea is to search for another contour path such that |e9)| = €%9() increases
as rapidly as possible, allowing the so-called Laplace method to be adopted. Let g(z) =
u(z) + iv(2), the Cauchy-Riemann equation shows that

UgVy + UyVy = Vu - Vo = 0.

It means the level sets of u and v are orthogonal except for critical points. Having v = ¢
means u is following a steepest descent path. For more details, see Chapter 8.

Example 0.4.10 ( (1959)). Let f : R — R be a 2w-periodic analytic function
that can be extended to the strip |3z| < bsuchthat |f| < M in the strip. Then, we can
estimate the quadrature error of the trapezoid rule

ot N 2
S femi/N) — [ fads.
7=1

Eyxn =

=

0

Consider F'(z) = cot(4 z) f(z), with a contour integral in the following Figure 7.
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&

B

0+¢ 2m + ¢
R

Y

0+e—1b 2m + e —ib

Figure 7: Contour for trapezoid rule.

Using the Residue Theorem (sete — 0T)

) . N 2
/ 2)dz = 2mi Z Res(F Z 77]
¥ =1

The integrals on the two vertical sides cancel each other. Therefore, we obtain

T+e—ib T+e+ib N ]
/02 " cot(gz)f(z)dz — /2 o cot(gz)f(?:)dz = % Zf(%)

+e—ib O-+e-+ib =

The two integrals are conjugate. We can write the left-hand side as

2m+e—ib N At N 271']
R cot(—=z2)f(2)dz = —= Y f(—=).
[ =2 3

0+e—ib
The Cauchy Integral Formula implies (why?)
2m+e—ib 2m+e
/ f(z)dz = / f(z)dz.
0+e—ib 0
Therefore, we find

2n+e—ib N
By = m/ (—icot(Y2) = 1) f(2)d
0+4e—ib 2
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sin(NRz)—isinh(NSz)

N, _
Because cot 5z = cosh(NSz)—cos(NRz) ’

see (. i , Equation 4.21.40), we obtain

—isin(NRz) — sinh(NJz) — cosh(NSz) + cos(NRz)
cosh(NSz) — cos(NRz)

1+exp(NSz) = 2+42¢ N o2

~ cosh(NSz2) —1  eNb e Nb—2 = eNo— 17

N
—i cot(gz) - 1‘ = ’

Thus, |[En| < e‘}v’ﬂ,ﬂfl.

Remark 0.4.11. This means doubling the number of quadrature nodes will roughly dou-
ble the number of accurate digits.

0.5 Exercises

@ Problem 0.5.1. Show that 21, 2o, 23 are the vertices of an equilateral triangle on the
complex plane if and only if

2 2 2
21 + 25 + 23 = 2129 + 2923 + 2321.

(L

w Problem 0.5.2. Let f be a holomorphic function in an open connected set U contain-
ing the closure of a disk D(zy, R). Show that

!
£ (z0)| < o sup |f (0 + RQ)L.
(=1

(L

# Problem 0.5.3. Suppose f € C(U) and the path integral of f along any equilateral
triangle in U is zero. Prove f is holomorphic on U.

% Problem 0.5.4. Prove Theorem 0.3.12.

@ Problem 0.5.5. Let f be a holomorphic function that maps the unit disk D(0, 1) to
itselfand f(0) = 0. Show that

f(2) + f(=2)] < 2|,

# Problem 0.5.6. Let f be holomorphic on the unit disk D(0, 1) that f(0) = 0 and
|Rf(z)| < 1forall z € D(0,1). Show that

14 |z|

RF)| < Larctanle], [9£(2)| < 2 log (
™ T 1—|z|

) Vz € D(0,1).


https://dlmf.nist.gov/4.21#E40
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(L

® Problem 0.5.7. Let p,(z) = ap + a1z + -+ + a,2" be a polynomial of degree
n. The coefficients {a;}!"_, are independently chosen from [—1, 1] uniformly. Prove the
probability that the smallest root of p,,(z) is real is at least 2% for any n > 1.

# Problem 0.5.8. Letp,(2) = (2 — a1) - - - (2 — a,) such that |a;| = 1, prove there
exists a point || = 1 that |p,(¢)| = 1.

# Problem 0.5.9. Evaluate the integrals

. . . X
o l4an v o x?—2xcosh+1
/00 In? 2 p /°° cos(ax) g
L] x [
0 332 -+ ]. —o0 1 + 1'2

where a > 0 is a real number, o € (0,1),0 € (0,7),n > 2 is an integer.
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