Math 7000/7010 Fall 2025

Homework 4

Tags: Basic Functional Analysis Due Date: 11/30/2025 11:59 CST

1 General Vector Space

Recall the definition of a norm ||-||: V" x Ry U {0} is a function satisfying

L [|Az|[= [A[l]]
2. |z +yll< l=l+llyl
3. |lz||> 0, the equal sign holds iff z = 0.
You can also see the difference from the definition of “metric”. The first scaling rule does not

apply to metrics.

Inner product (-,-) is a function that maps V x V' — C or V x V — R satisfying

1. {ax + By, 2) = oz, 2) + Bly, 2)

2. (z,y) = (y,2)
3. (x,z) > 0, equal sign holds iff x = 0.

Problem 1.1. We know if V' is a vector space with inner product (-,-), then
If1l:= V{5 )
defines a norm.

Is the converse correct? If || -|| is a norm on a vector space V, is it necessary to be defined by an
inner product?

First, prove that if such an inner product exists that defines the norm, then
lz + yllP+llz — ylI*= 2[l«]*+2lly?, Y2,y e V. (1.1)
Use this to tell (prove or construct counterexamples) whether there is an inner product that can

represent each of the following norms.

1. Let v € R? and ||v]l;= Y2, |vil



2. Let v € R? and ||v]|oo= maxi<;<alvi|.

The proof is easy; do the expansion.
Neither case can be defined by an inner product.

1. Let z = (1,0), y = (0,1), then
lz + ylli+llz — yli= 8 # 4 = 2l|z|*+2[ly]>.
2. Let x = (1,0), y = (0,1), then

lz + yll3+Hz — yl3= 2 # 4 = 2|ll*+2[ly|*.

Problem 1.2. Let V be a vector space with a norm | - || that
lz +yl*+llz — yl*= 2zl +2]lyll*,  Vz,y € V. (1.2)

Define a function ¢ : V x V — R:

1

oz, y) =~ (lz +yl*~llz — yl|?).

W~ |

1. Show that ¢(z, ) = ||z||* and é(z,y) = ¢(y, x).

2. Compute ¢(x,y) in another way

1
~ 0z = ylP+121?)

and use (1.2) from the right side to the left side to show

1
0(w.y) = (o +vl>+212)

1 1
(;S(x,y):§¢(a:—z,y)—l—§¢>(x—l—z,y), V%Z%ZEV-
3. Use the above identity (by a change of variable) to show
Pz +y,2) = d(x,2) + oy, 2). (1.3)

4. Show ¢(—x,y) = —¢(x,y) and ¢(nx,y) = ne(x,y) for any n € N (use (1.3) and induction).

5. Let p,q € N and show
¢(px,y) q¢>(p,y), p¢(p,y) o(,y).

Hence, gzb(%x,y) = %¢(v"3ay)-




6. For any r € R, choose a sequence of rational numbers Z—Z — 1, show that

n—oo

lim ¢(anx,y) = ¢(rz,y).

7. Prove ¢ defines an inner product.

1. Simple.

2. From right side to left side,

1 1 1

2z + yllP+ll=1%) = gl + yll*+2)121%) = g le+y+ 2P +llz +y - z)?)
and 1 ] ]

7z = yllP+ll=1%) = g Cllz = yll*+2)121%) = 3 (e =y + 2P +llz —y — 2|?)
Therefore,

1 1 1 1
o y) =g (le+y+2l~llz —y+21°)+5 (lo+y - 2"~ o -y = 2[%) = So(z+2y)+56(x

3. Since ¢(z,y) = —d(—=x,y),

B, y) = 500 +29) + 30w — 2,1).
Then 1 | 1 |
$evn) = S0l + 2.4) + 20— 2.1) = S6(w + 2,1) — S0(a —2.p).
Take the sum.
4. Easy.
5. Easy.

6. We need to show that (continuity) of ¢,

lim ¢(l‘7 y) = ¢(Z7 y)

T—rz

This is equivalent to (by its definition)
lim [l +y =[]z + y[|= 0
Tr—z

By the triangle inequality of the norm (and linearity), we know this is true.

7. Now we can verify that ¢ satisfies the 1st rule of inner product. The other two rules are
automatically true.

2,Y).



Notation: The vector space C°(R3) contains all smooth functions with compact support.
Smooth means all derivatives exist everywhere, and compact support means that for each
f € C(R3), there exists a radius R > 0, f(x) = 0 if |x|> R.

Problem 1.3. Define
V={(fi.fo, f3) | fi € CZ (R}

1. Show V is a vector space.

2. Show the following way
3
)= [ 3 hxntRix
i=1

defines an inner product on 'V, £ = (f1, fo2, f3), and g = (g1, 92, 93)-

3. Let u € C*(R3). Show that

<M Vu(x)> :_1<xu(x) xu(x)>'

P 2\ T2 P

4. Use the same idea for proving the Cauchy-Schwartz inequality to prove Hardy’s inequalit
g Y Y Y Y

<xu(x) M> < 4<Vu(x), VU(X)>

x> 7 x[?

or equivalently,

2
/ MO e < 4 [ [wu(x)2dx
R3 R3

[x|?

5. If the support of u(x) is inside {|x|< R}, prove the Poincaré inequality

() [2dx < 4R2 / V() 2dx
R3 R3

1. By definition.
2. By definition.

3. Note u and its derivatives are supported in a ball Bp,

<xu(x) W(X)>: /B x - (u(x)Vu(x)

x> [x[?

The dot - is the usual inner product in R3.




By Green’s theorem, we write u(x)Vu(x) = 1V|u(x)|?, then

X WEOVHe)) L[ x o
tLR (m—-LLR Y (Ju(x)P)d

[x[? 2 /g Ix?

_ ;/BRV~ [IXXIQ : (|u(X)|2)] dx — /BR <V-|XX|2> [u(x) dx
=05 | sluGoPiax

N | =

4. Let v(t) = x{j((‘);) + tVu(x). Then

0< o) = <X’z‘((”2‘), X;‘f’;% + £2(Vau(x), Vu(x)) + 2t<x&(|’;) , Vu(x))
=(1- t)(X’ZL((’QX), X&ﬁ?) + t2(Vu(x), Vu(x))
The determinant < 0, therefore
2
[<X§((|§),Xi(|§)>] —4<Vu(x),Vu(x)><X€((|§>aX(jf?) <0

Thus
xu(x) xu(x)

TE TP

) < 4Vu(x), Vu(x))

5. Just notice

Ju(x)|*dx

Xu(X) Xu(x qu
(Eul) xu), [ e,

FERNTE X2 TR g,

Problem 1.4. Let A € C"*" and p(A) < 1. Show lim,_,o, A™ = 0.

Prove it for a diagonal matrix. Then reduce any matrix to its Jordan form and use a diagonal
perturbation to make it diagonalizable.




Note: Similarity transforms do not change the trace of a matrix, that is

tr(PAP™Y) = tr(A).

Problem 1.5. If A is a positive matriz. Show that

p(A) = lim (tr(A™)Y/".

n—0o0

First, tr(A™) = ;" | A'. Since A is a positive matrix, its spectral radius is a simple eigenvalue;
therefore, all other eigenvalues are strictly smaller (in magnitude). Thus

- n\1/n _ - )‘:L 1/n
(; A7) p(A)(1 + ZZ; p(A)”) = p(A).
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