Math 7000/7010 Fall 2025

Homework 2

Tags: Asymptotic Approrimation Due Date: 10/02/2025 11:59 CST

1 Asymptotic Expansion

Problem 1.1. For what values of « (if exists), yield f(z) = O(z*) as x — 0.
1. f(x)=V1+2a3
2. f(x) = zsin(x)
1

J. () = sin(1/z)

1. « <0. x — 0 means f(z)— 1.
a < 2. Use Taylor expansion.

a < —1. Use Taylor expansion.

e

. a < 0. Since sin(1/z) visits 1 arbitrarily many times as x — 0F.

Problem 1.2. Let {1,z,22,---} be a sequence of gauge functions, x — 0T, find the asymptotic
expansion of

f(z) = /01 e dt

using the sequence.
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ettt = ZkZO %, then the integral becomes
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Problem 1.3. Let {x7!,1,2,22,---} be a sequence of gauge functions, x — 0F. If we try to find
the asymptotic expansion of
1
1
/22“
0o T +1
Using the Taylor expansion idea, we will get

Lr1 2zt

while the terms are not integrable on [0, 1] due to the singularity at t = 0. This is because the Taylor
expansion is only valid for x < t. Fort < x, the integral needs to be handled in other ways.

f(z)
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1. find the asymptotic expansion in the form < + B + Cz + Dx* + Exz° of

L |
f(z) :/5 mdt,

The cutoff point 6 is chosen much larger than x.

%, rewrite the integral
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Find the asymptotic expansion of the form ¢ + b+ cx + dz? + ex3.

2. Use a change of variable z =

3. Combine the two asymptotic expansions.

3. Combine them.
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2 Laplace Method

Problem 2.1. Use the Laplace method to find the asymptotic approximation of

00 A(2t—t?)
/ ——dt, A — —o0.
o 1412

B(t) = 2t — 12, ¢/(tp) = 0 means tg = 1, ¢"(tg) = —2. The asymptotic approximation is
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Here X needs to be negative, otherwise the integral does not converge.

Problem 2.2. Find the asymptotic approximation for the integral

I\ = /Olt*"f(l — )Mt

as A — 00, k,m are positive real numbers.

Convert to .
/ 6)\[k In t—l—mln(l—t)]dt

0
o(t) = kInt+mln(1 —¢t), ¢/'(to) = % — 125 = 0, solves tg = mi%, and
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The integral’s approximation is
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Problem 2.3. Find the asymptotic approximation for

I\ = / e Me VP g
0




Let t = A\~ Y3y, then

AT / T e g,
0

é(u) = u + u~2 has stationary point at ug = 2'/3 and ¢” (ug)
is
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3 Watson’s Lemma

Problem 3.1. Find the first three terms of the asymptotic approximation for

t
1+t

dt

1
/ e—)\ sin* ¢
0

as A — 00.
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You can start with a change of variable u = sin*t, and the Taylor series of arcsin(z) = xr + % +
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After change of variable u = sin*(t), t = arcsin(u'/4),

_)y  arcsin ul/*
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4 Stationary Phase Theorem

Problem 4.1. Suppose ¢ € C*° does not have a stationary point on (a,b). Let f(t) be a smooth

function on [a,b] such that f*)(a) = f*)(b) for all k > 0. Show that

b .
/ F)er*Bar = oAV,
for any N > 0.




Use integration by parts,

/f m¢ ) gt — /f Md’(t) — 1) 1 z)\¢(t)|b / f(t) M) gy
/\qﬁ’ iA (1) o(t)

The first term is zero, then repeat integration by parts NN times.

Problem 4.2. The Fourier transform of a function f is defined by

F(¢) :/_Z f(z)e ¢ dy

Find the asymptotic approzimation for the Fourier transform of the function f(x) = ei‘”k, k>2is
an integer, as ¢ — oo.

Let = (V=g X = ¢k/(=1),

/oo eixkfi:pcdx — Cl/(k—l) /OO ez‘)\(ukfu)du

Stationary point ug = kY (=1 " and Hessian is k(k — 1)k(k_2)/(k_1) > 0, the approximation is
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